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(W) =Tr (VW) —d =0
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*ENRFEISEHRALIMPAIRA: Structure learning

13 RIENE - — R BERERA BN A - - D—ERE RS
Bl Gesmmmustmsns -—SHE (B8N EitBELee)

Theorem 1. A matrix W € R¥*? is a DAG if and only if
h(W) =tr (eV°W) —d =0, 5)

where o is the Hadamard product and e is the matrix exponential of A. Moreover, h(W) has a
simple gradient

Vh(W) — (eWnl‘l')T O2W, (6)
and satisfies all of the desiderata (a)-(d).

Zheng, Xun, et al. “DAGs with no tears: Continuous optimization for structure

learning.” Advances in neural information processing systems 31 (2018). (Link)

https://arxiv.org/abs/1803.01422
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*HENRFEISEHRALIMPAIRA: Structure learning

WXIREI: Structure learningBI7E X

Let X € R"*? be a data matrix consisting of n i.i.d. observations of the random vector

X = (Xy,...,X4) and let D denote the (discrete) space of DAGs G = (V, E) on d nodes.

Given X, we seek to learn a DAG G € D (also called a Bayesian network) for the joint distribution
P(X).
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FEREERE IV
*ENRFEISEARLZIPHINA: Structure learning

WIJRI: Structure learningBIE X

Let X € R™*? be a data matrix consisting of n i.i.d. observations of the random vector

X = (X1,...,Xq) and let D denote the (discrete) space of DAGs G = (V, E)) on d nodes.

Given X, we seek to learn a DAG G € D (also called a Bayesian network) for the joint distribution
P(X).

WXIRE: SEFEMERIC S ES
Any W € R%*? defines a graph on d nodes in the following way: Let A(W) € {0,1}%*¢ be the binary

matrix such that [A(w)];; = 1 <=> w;; #= 0 and zero otherwise; then A(W) defines the adjacency
matrix of a directed graph G(W).

FE B R B AR R S 202601 — AT £4E202301/02

*EPERR T V

*ENRFEISEHRALIMPAIRA: Structure learning

WIZJEIC: Structure equation model (SEM), Fl LosseR#AIE X

W = [wy||wg] defines a linear SEM by X; = w;fFX + z; , where X = (X,..., X;4) is a random vector,
and z = (z1, ..., 24) is a random noise vector.

In this paper, we focus on linear SEM and the least-squares (LS) loss

1
I(W;X) = —|[|X — XW|[7.
2n
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min  F(W)

subject to: G(W) € D

kA

1
FEW) =tW;X) + A[W][, = %IIX—XWII% + AWl
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WXJEX: £5iHIStructure LearningfL{¥ (0] B3Rk

min  F(W)
subject to: G(W) € D

gt

1
FEW) =tW;X) + A[W][, = %IIX—XWII% + AWl

g _ 1 _ 2
Wrgﬂé}}xdF(W)— 3 [|1X = XW|[E + A[[W][1
subject to: W is a DAG
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e = flo,y) iR, BEVfEr-yFE LIRS, RIFERFERBEAESKRIRAKESE.
RIRBERE A RRNE, MFGEGE LS REIENSERELERH. ES%EEEGS, X—EWK
SRARAL: #PEIRE T RBEEK &R S E.,
BEREX: BENEK|VS|EXTXN SR AEKERER, #EKHEA, ERERBEZSME
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Ef5]: Consider a surface whose height above sea level at point (z,y) is H(x,y). The gradient of
H at a point is a vector pointing in the direction of the steepest slope or grade at that point. The
steepness of the slope at that point is given by the magnitude of the gradient vector.

f(z,y) = (cos? z + cos? y)?
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FEFEM S IV

FRERENEERS (BE) -EXHM/LAERE

(2) BEERIRDFIEM (L% Wikipedia) : Consider a room in which the temperature is given by a
scalar field, T, so at each point (z,y, z) the temperature is T'(x,y, z). At each point in the room,
the gradient of 1" at that point will show the direction in which the temperature rises most quickly.
The magnitude of the gradient will determine how fast the temperature rises in that direction.

2

flz,y) = zel@2tv2)
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Duf(x) = |V f(x)||2-[ullz - cos = ||V f(x)||2 cos 6.
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Duf(x) = IV f(2)]2 - [[ullz - cos# = [|V [ (2)]|2 cos 0.
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WEMRBL: 52 € R<(m)
BASERS: HEN i, WE U e R
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EREEMDITE |
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WHIRA f(x) =xTAx xtEE x WHBE L. B, x= (11,22,...,2,)7 € R" KFIEE,
A = (a;;) € R JEE n MAFE (FERITFR) .
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= REREM TR

ZRENBETTE

WEZRE [(x) — xT Ax SR x BHE 2. B, x = (01,00,...,2,)" € R" HFIEE,
A = (ay) € R™" WEEE n MM (RERTER. ]

1 WIS EE f(x) = x” Ax BB#RIF RFER, WEHTHERS?
2. EAEE—NSE o, RIHS 2L B, WTLENEKRM?

3. MIERE A RN (B AT = A) B, BEARTUERAFATR? XAMEGIZEmL
SERRRL R R 0 ?
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w R ITE N

ZRENBETTE

i
1. RFFAKAMER B RBERBURT RRTHRINEKRM, BHITHEKSHEMM:

f(X) = XTAX = Z Z Qi LTy
i=1 j=1
2. MO E vy RKIMF BERWEKRM X, 2, aijwiz; F, BEFLE o, HBHIAERAMERLT:
WR—: HE—ATH i — kB, T agoer;. 8 o, MNEE, ZIH  WHSH

AfjTjo

BR=: HEZANTER =k B, TR apziar. & o, MABER, 120X 2, BRSA anzi.
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Eltt, =, RSB XEIER T H:

Eakx-i-g A} Tg
8$k YR k.

3. ¥ AFEERR MR XN
B YT anjr; =FEFE A KIS K ITSEE x WA, BIRERRZE Ax B8 £ M E

(Ax)go
%%Iﬁi S i 2FERE AT B K ITEEE x AR, BIERRE AT NE LN E
(A"X)po
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EREEMIITE V
ZRENBETE
LA,
of

Dar = (AX), + (ATx), = (A + AD)x),.

BEBERE AT EAXANE—IDE £ = 1,2, n BRI, BRARSHESKTIEE,
w SE| R ERIAR
of

Ox

= (A+AT)x

Bufiff X : https://www.bilibili.com/video/BV1Dudy137Yv?t=19.2
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DRBBETTH

X FiRRE B B 45451

LAERE A XFR (AT = A) B, EIRARBIKA:
I(xTAx)
T = 2AX
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ZRENBETTE

EMFHIEMAFNRZ I PRAER, Fin:
Es/ANZFEES, BIREH [|[Ax —b|? BZRIERS
AEXFFEEN. WEAFEROBFLRE TS, ENHTURER x"x (LI A =D,
EHWUEFERAE LD, FEUEGHRIEMRE (Hessian Matrix), 3T RBIR#, HIGFHRIER
Bl 2A (8 A+ AT,

EREX—EMARNNES, TEBRITEESREMRMIRIXE.
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= RN TR VI

ZRENBETTE

[B]1Z 214 [B] YT A4 Loss BR 34 :

N L | ST,
T) = ="y = f(@ D) = —(F — X0)" (F ~ X5 := =} — X3,
i=1

X1 T (0) T B E:

(L G—Xw)T (§—-X@))

87 ()
o o r
L (" - XT)(§-Xw))
ow
0" -7 Xw—w" X T j+wT XT Xw)
Ep

3= 3|
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X1 T (0) T B E:
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ow i

ow
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0— X7y~ X%j—k 2X T X1w)
(—XT§+ XTXw)

v | Q

SIS =S = 3=
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ZERH—ARAZ K
% f(z) = (Az +b)T'C(Dz +e), HFf AcR™", C € R"*P, D e RPX",

g—m = ATC(Dx +e) + D'C"(Ax + b)
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EHNSHE—ERER

EIE (FEFEHRYFrobenius normFNEEFEAY TR )
FFEZEAc R, B

14l|% = Tr(ATA).

IEFR: BEEBRETRS.
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ERER T E

EHNSHE—ERER

EIB (Trace(XA)XTXEIRST)

MFX e R, A e R™™, HAii1H

OTr(X A)
£

= AT,

IERA: EEUNETRE.
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EHNSHE—ERER

EIE (HER)

.‘LQX c Rmxn’ )I-I\IJXTJ-:F'EE%:\A c Rmxn’ ﬁﬂ‘]ﬁ

oIr(XTA)  oTr(ATX)

59X ox & (3)

IERR: PRATREEE, Bfnm A = AT

ERIEE, A XA g

0X

XERTHXTA) = Tr(XTA)T) = Tr(ATX), FZLAr — g4,
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NS HE—E

WX, Ae R IR
OTr(XAXT)

_ T
X =XA" + XA

R:
(1)fEAsEREN;
(2) MFEEER C c R 1 D € R, {18

Tr(CD) =Tr(DC).
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SBPE T E
RS E )]

fB: R X, A e RV, 3A1H

OTr(XAXT)  oTr(XAX]) n ITr( X AXT)
0X B 0X 0X

OTr(XT X, A)

_ T\T
= (AXD) + =55

= (AXT)T + XA =XAT + XA.
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EREMRDT, BMNE df = f'(v)de; KK, FEREEFHIRD T, FATRILUE AR S BRI
Sdf o

Flrt, ARG, LA — A BRI, WRIEMMSY df R

df = Tr(ATdX)

MBLARBMR X TR, EEALUEE:
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df =Tr(ATdX) = —==A
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ERERTE

RS I E——E RIS

T B 24l

FE R I5itE 208X

fi#: 'k, ®Wf(X)=Tr(BX), #MHS A df = d(Tr(BX)) = Tr(d(BX)) = Tr(BdX).

STEEARAERIR IR . BMNBEWE— df = Tr(ATdX),
B%, AEER AT =B, HTRE. FUE 220 =BT,

2 0
%\

R A A - df =Tr(ATdX) — =L =A
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FEREMSITE |
*NotearsE ;E P51 E

L RIENE - - B R HTE R RPN A - - A—EE RN
Bl.  Gemmmmugstanng-—ans (SR8 Be@sEXER)

Theorem 1. A matrix W € R¥*? is a DAG if and only if
h(W) = tr (eV°W) —d =0, (5)

where o is the Hadamard product and e is the matrix exponential of A. Moreover, h(W) has a
simple gradient

Vh(W) = (VW) 02w, )
and satisfies all of the desiderata (a)-(d).

Zheng, Xun, et al. “DAGs with no tears: Continuous optimization for structure
learning.” Advances in neural information processing systems 31 (2018). (Link)

https://arxiv.org/abs/1803.01422
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1. BiRRBEEKRENX
EHFRREENA:
h(W) = Tr(eVOW) —d

He: W e R ZIMRAMERERE. A=W oW RRTERETH (A; = W2). o REMHEY,
EXARE A =30, 4.
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2. BB ERIBETUEN S

BMNFIREMIRIES VAV,

F—: WEFEEHRNBERS®E A=W oW, W h(A)=Tr(e")—d.
IRBEFEFE DR BIME R, RS SEFEERNMS BBUTXA:

d(Tr(e?)) = Tr(e? - dA)

Eltt, XT A BIBEEA:
Vah(A) = (e)T

%?Ni@g?%iﬁf‘iqzﬁmﬁﬁﬂ’ﬂ A, HIsBEMMNE EBEEESSEE, RNTLUSE
DA — (8 ) °
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*NotearsE ;E P51 E

FTH: WIBMAIEFN (Hadamard Product)iETRAIE A=W o W 3 W BISH. RI\EXEN,
EhEXT AR, BA=WoWw, MWEF W NEEARA:

- AW & W)
Vwh=V4sh® PTiia

F A = l?j., B3t Wi, IS8R 2W,;. .
=54 %%g%ﬂﬁ’l%tﬁirﬁﬁgaé’ 53 h(IV) XF W BB :

VA(W) = (WOW)T & 2w
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3. ARBL

RIBFHES, FABERERXA:

Vh(W) =2V o w.
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