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ᵞ̵ݳහऒ̵ฉ੘ A
ᵞ҅ݳᵞݳጱᬩᓒ੗ᳮ

ᵞݳ Ua2iVғٍํ຤ᐿᇙਧ௔ᨶጱ̵԰ӧፘݶጱ੒᨝ጱ௛̶֛ᬯԶ੒᨝ᑍԅᵞݳጱزᔰ̶

ֺғ
ᦡᵞݳ � ฎੜԭ 5 ጱྋෆහᵞڞ̶ݳ � = {1, 2, 3, ᔰز̶{4 3 ∈ �҅֕ 5 /∈ �̶
ଉᥠහᵞғ N UᛔᆐහV- Z UෆහV- Q UํቘහV- R UਫහV- C U॔හV̶

୮౯ժ᧔Ӟӻᵞݳ੒ԭ຤ᐿᬩᓒٍํ੗ᳮ௔෸҅఺௏ฎғ

੒ᧆᵞݳӾጱձ఺زᔰᬰᤈᧆᬩᓒ҅ݸ஑کጱᕮຎՖᆐࣁᬯӻᵞݳԏӾ̶
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ᵞ̵ݳහऒ̵ฉ੘ A
හऒጱਧԎӨֺৼ

හऒ U6B2H/VғӞӻ۱ތ 0 ޾ 1 ጱᶋᑮᵞݳ E ইຎ੒ےဩ̵ٺဩ̵ԙဩ޾ᴻဩҁᴻහӧԅ 0҂᮷੗
ᳮ҅ڞᑍ E ԅӞӻහऒ̶

ֺғ
ᵞݳ E = {� + #

√
2 | �, # ∈ Q} ຅౮Ӟӻහऒ̶

ӷӻزᔰፘԙғ(1 + 2
√
2)(3−

√
2) = 3−

√
2 + 6

√
2− 4 = −1 + 5

√
2̶ٌӾ −1 ∈ Q, 5 ∈ Q҅ಅ

զᕮຎՖࣁ E Ӿ̶
ֺٚғ
ଉᥠහᵞ N UᛔᆐහV- Z UෆහV- Q UํቘහV- R UਫහV- C U॔හV ฎӧฎහऒҘ
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ᵞ̵ݳහऒ̵ฉ੘ A
ฉ੘ጱच๜༷ஷӨֺৼ

ฉ੘ UJ�TTBM;Vғᦡ �," ฎӷӻᶋᑮᵞ̶ݳইຎਂࣁӞӻဩڞ 7ֵ҅஑੒ԭ � ӾጱྯӞӻزᔰ t҅
ࣁ " Ӿ᮷ํࠔӞᏟਧጱزᔰ v Өԏ੒ଫ҅ڞᑍ 7 ԅ՗ � ک " ጱӞӻฉ੘҅ᦕ֢ 7 : � → "̶

च๜ਧԎғ vฎ tጱ҅؟tฎ vጱܻ؟X ᝑ � = "҅7ᑍԅ � ӤጱݒഘX

᯿ᥝᔄࣳғ ੘ܔ UAMD2+iBp2V̵ჿ੘ Uam`D2+iBp2V̵݌੘ U"BD2+iBp2V̶
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ᵞ̵ݳහऒ̵ฉ੘ AA
ฉ੘ጱच๜༷ஷӨֺৼ

ֺғ
ᦡ � = {1, 2, 3}҅" = {�, #, +, /}̶ਧԎฉ੘ 7 : � → "ֵ҅஑ 7(1) = �, 7(2) = #, 7(3) = +̶
1 ጱ؟ԅ �̶ฉ੘ 7 ጱ꧊ऒฎ {�, #, +}̶
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ᵞ̵ݳහऒ̵ฉ੘ AAA
ฉ੘ጱच๜༷ஷӨֺৼ

ֺ,ҁRMӾጱᎥᴣฉ੘҂ғ
ᵞݳғݐ � = " = RM҅ܨ M ᖌਫݻᰁᑮᳵ̶
ฉ੘ဩڞғᦡ � ฎӞӻᕳਧጱ M ᴤਫොᴣҁM × M҂̔ ਧԎฉ੘ 7 : RM → RM ԅғ

7(t) = �t, ∀t ∈ RM

ٌӾ t ฎ M ᖌݻڜᰁ҅�t ᤒᐏᎥᴣӨݻᰁጱԙဩ̶
ฉ੘௔ᨶғ

R ᰁݻفӞ௔ғ੒ԭྯӻᬌࠔ tٌ҅ᬌڊ �t ኧᎥᴣԙဩࠔӞᏟਧ҅ჿ᪃ฉ੘ਧԎ̶
k ᕚ௔௔ғᬯฎӞӻᕚ௔ฉ੘҅ჿ᪃ 7(m + p) = �(m + p) = �m + �p = 7(m) + 7(p)҅Ӭ 7(Fp) = F7(p)̶

ٍ֛ਫֺғݐ M = 2҅� =

(
1 2
3 4

)
ڞ҅ 7 : R2 → R2̶੒ԭᬌݻفᰁ t =

(
1
−1

)
ԅғ؟ٌ҅

7
((

1
−1

))
=

(
1 2
3 4

)(
1
−1

)
=

(
−1
−1

)
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ᵞ̵ݳහऒ̵ฉ੘ Ao
ฉ੘ጱच๜༷ஷӨֺৼ

ֺৼҁRMӾಭ୽ฉ੘҂ғࣁ RMӾ҅ਖ਼Ӟӻݻᰁಭ୽ݚکӞӻࢴਧݻᰁොݻӤ҅ฎ๋च๜ጱᕚ௔ฉ੘
ԏӞ̶
ᵞݳਧԎғݐ � = " = RM҅ଚᦡ β ∈ RM ฎӞӻᕳਧጱᶋᵭࢴਧݻᰁ̶
ฉ੘ဩڞғਧԎฉ੘ 7 : RM → RM ԅғ

7(α) = (α,β)

(β,β)
β, ∀α ∈ RM

ٌӾ (·, ·) ᤒᐏݻᰁ RM Ӥጱຽٖٵᑌ̶
ฉ੘ጱ֜پ఺Ԏғྌฉ੘ 7 ਖ਼ձ఺ݻᰁ α ಭ୽ࢴکਧݻᰁ β ಅࣁፗᕚӤ҅஑کጱ 7(α) ฎ α ࣁ
β ොݻӤጱྋԻಭ୽ݻᰁ̶
ฉ੘௔ᨶғ
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ᵞ̵ݳහऒ̵ฉ੘ o
ฉ੘ጱच๜༷ஷӨֺৼ

R ᕚ௔௔ғኧٖᑌጱ݌ᕚ௔௔ݢᎣ҅7 ฎӞӻᕚ௔ฉ੘̶ܨғ

7(F1α1 + F2α2) = F17(α1) + F27(α2)

k ଍ᒵ௔ғᬯฎӞӻىᲫᇙ஄̶ಭ୽ٚݸಭ୽҅ᕮຎӧݒғ

7(7(α)) = 7(α)

ྌࢩ 7 ◦ 7 = 7҅ჿ᪃଍ᒵ௔̶
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ᵞ̵ݳහऒ̵ฉ੘ oA
ฉ੘ጱच๜༷ஷӨֺৼ

ٍ֛ਫֺғࣁ R2 Ӿ҅ࢴݐਧݻᰁ β =

(
2
0

)
҅ᘍᡤݻᰁ α =

(
3
4

)
̶ᦇᓒٌಭ୽ғ

(α,β) = 3× 2 + 4× 0 = 6

(β,β) = 2× 2 + 0× 0 = 4

7(α) = 6

4

(
2
0

)
= 3

(
1
0

)
=

(
3
0

)

ಭ୽ᕮຎ
(
3
0

)
ྋฎ α ࣁ t ᫰ҁβ ොݻ҂ӤጱྋԻಭ୽̶

ੜᕮғྋԻಭ୽ฉ੘ 7 ฎჿ᪃଍ᒵ௔ጱᕚ௔ฉ੘҅ਙݍฉԧਖ਼ṛᖌݻᰁŉܴᖽŊ֗کᖌৼᑮᳵҁྌ॒
ԅӞᖌፗᕚ҂ጱच๜඙֢҅ฎ֜پӨդහᕮݳጱَ᝜̶
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ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ k9
ᑮᳵጱच k3
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ᕚ௔ᑮᳵ A
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

ᘍᡤӞӻ۱ތ K ӻොᑕ̵M ӻ๚Ꭳහጱἶེᕚ௔ොᑕᕟғ

�t = y

ٌӾғ

� = (�BD)K×M ฎӞӻ K × M ጱᔮහᎥᴣғ� =

⎛

⎜⎜⎜⎝

�11 �12 · · · �1M
�21 �22 · · · �2M
XXX

XXX X X X XXX
�K1 �K2 · · · �KM

⎞

⎟⎟⎟⎠

t = (t1, t2, . . . , tM)⊤ ฎ M ᖌ๚Ꭳහݻᰁғ
y = (0, 0, . . . , 0)⊤ ฎ K ᖌᵭݻᰁ
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ᕚ௔ᑮᳵ AA
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

ොᑕᕟጱᧇੱ઀୏୵ୗ
ਖ਼Ꭵᴣොᑕ �t = y ઀୏ԅփᕹጱᕚ௔ොᑕᕟ୵ୗғ

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

�11t1 + �12t2 + · · ·+ �1MtM = 0

�21t1 + �22t2 + · · ·+ �2MtM = 0

XXX
�K1t1 + �K2t2 + · · ·+ �KMtM = 0

౲ᘏๅᔲ҅ࣈٻ੒ԭྯӻ B = 1, 2, . . . ,K҅ํғ
M∑

D=1

�BDtD = 0 (B = 1, 2, . . . ,K)
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ᕚ௔ᑮᳵ AAA
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

ᥴݻᰁጱᵞݳჿ᪃ےဩ޾හԙጱᬩᓒ੗ᳮ௔

ᦕᧆἶེᕚ௔ොᑕᕟጱᥴᵞԅғ
a = {t ∈ RM | �t = y}

զḵᦤ҅aݢ ੒ݻᰁےဩ޾හԙᬩᓒ੗ᳮ҅Ӭ۱ތᵭݻᰁ̶

RX ဩ੗ᳮ௔ے
ᦡ m, p ∈ a҅ܨ �m = y Ӭ �p = y̶
ᘍᡤ m + pғ

�(m + p) = �m + �p = y + y = y

ྌࢩ m + p ∈ a҅ےဩ੗ᳮ௔஑ᦤ̶
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ᕚ௔ᑮᳵ Ao
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

kX හԙ੗ᳮ௔
ᦡ m ∈ aҁܨ �m = y҂̔ F ∈ R ԅձ఺ຽᰁ̶
ᘍᡤ Fmғ

�(Fm) = F(�m) = Fy = y

ྌࢩ Fm ∈ a҅හԙ੗ᳮ௔஑ᦤ̶

jX ᵭݻᰁંԭ a
ดᆐํ �y = y҅ඳ y ∈ a̶
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ᕚ௔ᑮᳵ o
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

ᥴᑮᳵᡱ۱ތ෫ᑫग़ݻᰁ҅֕ݢኧํᴴӻᕚ௔෫ىጱݻᰁኞ౮

ᦡἶེᕚ௔ොᑕᕟ �t = y ጱᥴᑮᳵԅ a҅ӬᔮහᎥᴣ � ጱᑉ `�MF(�) = `̶
ᝑ ` < M҅ڞᥴᑮᳵ a ฎ෫ᴴᵞ҅֕ਂࣁኧ M − ` ӻᥴݻᰁ ξ1, ξ2, . . . , ξM−` ຅౮ጱचᏐᥴᔮ҅
ჿ᪃ғ

R ξ1, ξ2, . . . , ξM−` ᕚ௔෫ىҔ
k a ӾձӞᥴݻᰁ t ଉහࣁਂܨ҅ڊኧਙժᕚ௔ᤒݢ࣐ F1, F2, . . . , FM−`ֵ҅஑

t = F1ξ1 + F2ξ2 + · · ·+ FM−`ξM−`.
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X
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ᕚ௔ᑮᳵ oA
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

RX ᥴݻᰁᵞݳӾ۱ތ෫ᑫӻزᔰ
୮ ` < M ෸҅ොᑕᕟํᛔኧ๚Ꭳᰁ̶੒ᛔኧ๚Ꭳᰁձ఺ᩙ꧊҅᮷ᚆ஑کፘଫጱᥴݻᰁ̶ኧԭᛔኧ๚
Ꭳᰁࣁݢਫහऒٖձ఺ݐ꧊҅ඳᥴݻᰁํ෫ᴴग़ӻ̶
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ᕚ௔ᑮᳵ oAA
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

kX चᏐᥴᔮጱ຅᭜Өᕚ௔෫ى௔
᭗ᬦṛේၾزဩਖ਼ᔮහᎥᴣ۸ԅᤈ๋ᓌ୵ݢ҅ݸ຅᭜ڊ M − ` ӻᇙᥴғ
ׁེեӞӻᛔኧ๚Ꭳᰁԅ 1ٌ҅֟ᛔኧ๚Ꭳᰁԅ 0̶
ᰁݻᥴکጱ꧊҅ኧྌ஑زդ࿢஑ፘଫԆࢧ ξ1, ξ2, . . . , ξM−`̶

ኧ຅᭜ොဩݢᎣ҅ᬯԶᥴݻᰁ੒ଫጱᛔኧ๚Ꭳᰁړᰁ຅౮ጱݻᰁᕟฎ֖ࣖܔຽݻᰁᕟ҅ࢩྌਙժฎ
ᕚ௔෫ىጱ̶
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ᕚ௔ᑮᳵ oAAA
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

jX ձ఺ᥴݻᰁݢኧचᏐᥴᔮᕚ௔ᤒڊ
ᦡ t = (+1, +2, . . . , +M)⊤ ฎ a Ӿጱձ఺Ӟӻᥴݻᰁٌ҅ᛔኧ๚Ꭳᰁጱݐ꧊ᦕԅ F1, F2, . . . , FM−`̶
ᘍᡤݻᰁ v = F1ξ1 + F2ξ2 + · · ·+ FM−`ξM−`̶
Ḓ҅ضv ฎ ξB ጱᕚ௔ᕟ҅ݳᘒ ξB ࣐ԅᥴݻᰁ҅໑ഝᥴݻᰁᵞݳ aጱ੗ᳮ௔҅v ∈ a̶
ٌེ҅v ጱᛔኧ๚Ꭳᰁݐ꧊௴অԞฎ F1, F2, . . . , FM−`̶

ኧԭӞӻᥴݻᰁኧٌᛔኧ๚Ꭳᰁጱݐ꧊ࠔӞᏟਧ҅ࢩྌ஠ํ t = v҅ܨ t ̶ڊኧचᏐᥴᔮᕚ௔ᤒݢ
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ᕚ௔ᑮᳵ As
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

Ӟӻἶེᕚ௔ොᑕᕟጱ࿢ᥴᬦᑕԈֺ
ොᑕᕟӨ۸ᓌ ᘍᡤἶེᕚ௔ොᑕᕟғ

{
t1 + t2 + t3 + t4 = 0

2t1 + 2t2 + 2t3 + 2t4 = 0

ٌᔮහᎥᴣጱᑉԅ ` = 1ҁӷොᑕᕚ௔ፘى҂̔ ਫᴬՐํӞӻํපොᑕ t1 + t2 + t3 + t4 = 0̶๚Ꭳහ
ӻහ M = 4҅ඳᛔኧݒᰁӻහ M − ` = 3̶
࿢ᥴᬦᑕ ᭌݐ t2, t3, t4 ԅᛔኧݒᰁ҅ਖ਼ܻොᑕදٟԅ t1 = −t2 − t3 − t4̶चᏐᥴᔮଫ۱ތ 3 ӻᕚ
௔෫ىጱᥴݻᰁ҅᭗ᬦׁེեӞӻᛔኧݒᰁԅ 1̵ٌ֟ԅ 0 ๶຅᭜ғ
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ᕚ௔ᑮᳵ s
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

RX ե (t2, t3, t4) = (1, 0, 0)҅஑ ξ1 =

⎛

⎜⎜⎝

−1
1
0
0

⎞

⎟⎟⎠ kX ե (t2, t3, t4) = (0, 1, 0)҅஑ ξ2 =

⎛

⎜⎜⎝

−1
0
1
0

⎞

⎟⎟⎠ jX ե

(t2, t3, t4) = (0, 0, 1)҅஑ ξ3 =

⎛

⎜⎜⎝

−1
0
0
1

⎞

⎟⎟⎠

ḵᦤӨᕮᦞ ᰁᕟݻ ξ1, ξ2, ξ3 ᕚ௔෫ىҁٌݸӣӻړᰁ຅౮֖ܔᎥᴣ҂̔ Ӭොᑕᕟጱձ఺ᥴ t ᤒݢ࣐
ᐏԅਙժጱᕚ௔ᕟݳғ

t = F1ξ1 + F2ξ2 + F3ξ3 =

⎛

⎜⎜⎝

−F1 − F2 − F3
F1
F2
F3

⎞

⎟⎟⎠ , F1, F2, F3 ∈ R
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ᕚ௔ᑮᳵ sA
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸

,ྌ҅{ξ1ࢩ ξ2, ξ3} ຅౮ᧆӞᕟचᏐᥴᔮ̶
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R ᵞ̵ݳහऒ̵ฉ੘ j

k ᕚ௔ᑮᳵ Rk
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸ Rj
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ k9
ᑮᳵጱच k3
चӨࣖຽ̵चݒഘӨࣖຽݒഘ j3
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾ 9e

j ᕚ௔ݒഘ 8R
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ᕚ௔ᑮᳵٌ݊௔ᨶ A
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ

ᕚ௔ᑮᳵ Uo2+iQ` aT�+2Vғᦡ o ฎӞӻᶋᑮᵞ҅ݳE ฎӞӻහऒ̶ࣁ o ӤਧԎԧݻᰁےဩ
ҁ+ : o×o → o҂޾ຽᰁහԙҁ· : E×o → o҂ӷᐿᬩᓒ҅Ӭᬩᓒࣁ oӤ੗ᳮ̶ᝑզӥك๵لቘ੒ಅ
ํ m, p,r ∈ o ݊ಅํ F, H ∈ E ౮ᒈ҅ڞᑍ o ฎහऒ E Ӥጱᕚ௔ᑮᳵ̶

ᕚ௔ᑮᳵك๵لቘ

ቘلဩے
R ,ဩԻഘ஌ے m + p = p + m
k ,஌ݳဩᕮے (m + p) + r = m + (p + r)
j ᵭࣁਂز, ࣁਂ y ∈ oֵ҅஑ m + y = m
9 ᨮࣁਂز, ੒ྯӻ m ∈ o҅ਂࣁ −m ∈ oֵ҅஑ m + (−m) = y
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ᕚ௔ᑮᳵٌ݊௔ᨶ AA
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ

හԙلቘ
8 හԙز֖ܔ, 1 · m = mٌ҅Ӿ 1 ฎ E Ӿጱԙဩ̶ز֖ܔ
e හԙᕮݳ஌, F(Hm) = (FH)m

ᯈ஌ړ
d හԙ੒ݻᰁےဩጱړᯈ஌, F(m + p) = Fm + Fp
3 හԙ੒ຽᰁےဩጱړᯈ஌, (F + H)m = Fm + Hm
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ᕚ௔ᑮᳵٌ݊௔ᨶ AAA
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ

ֺғ
ӤᜓӾጱᥴݻᰁᵞݳ a੒ݻᰁጱฦ᭗ےဩ޾හԙ҅຅౮ᕚ௔ᑮᳵX

ԅՋԍҘ
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ᕚ௔ᑮᳵٌ݊௔ᨶ Ao
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ

ֺғ
ग़ᶱୗᑮᳵғᔮහࣁහऒ E Ӥጱ֛قग़ᶱୗᵞݳ S[t] ฎහऒ E Ӥጱᕚ௔ᑮᳵ̶
ྲই҅ᝑ 7(t) = t2 + 1, ;(t) = 2t − 3 ∈ S[t]҅ڞ 7(t) + ;(t) = t2 + 2t − 2 ∈ S[t]̶
ᶋᕚ௔ᑮᳵጱֺৼғහऒ E Ӥེහᒵԭ M ጱग़ᶱୗᵞݳӧ຅౮ᕚ௔ᑮᳵ̶
ֺই҅୮ M = 2 ෸҅(t2 + t) + (−t2 + 1) = t + 1ٌེ҅හԅ 1 Uӧᒵԭ 2V̶
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R ᵞ̵ݳහऒ̵ฉ੘ j

k ᕚ௔ᑮᳵ Rk
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸ Rj
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ k9
ᑮᳵጱच k3
चӨࣖຽ̵चݒഘӨࣖຽݒഘ j3
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾ 9e

j ᕚ௔ݒഘ 8R
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ᕚ௔ᑮᳵ A
ᑮᳵጱचěᕚ௔ፘىӨᕚ௔෫ى

ᕚ௔ፘىӨᕚ௔෫ى
ᕚ௔ፘى UGBM2�`Hv .2T2M/2MiVғਂࣁӧقԅᵭጱᔮහ FB ∈ Eֵ҅஑

∑M
B=1 FBpB = y҅ྌ෸ᑍ

p1, · · · , pMᕚ௔ፘ̶ى
ᕚ௔෫ى UGBM2�`Hv AM/2T2M/2MiVғํݝ୮ಅํᔮහ FB = 0 ෸҅಍ํ

∑M
B=1 FBpB = y҅ྌ෸ᑍ

p1, · · · , pMᕚ௔෫̶ى

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk k3 f 38

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ᑮᳵ AA
ᑮᳵጱचěᕚ௔ፘىӨᕚ௔෫ى

ᕚ௔ፘىӨᕚ௔෫ى
ᕚ௔ፘى UGBM2�`Hv .2T2M/2MiVғਂࣁӧقԅᵭጱᔮහ FB ∈ Eֵ҅஑

∑M
B=1 FBpB = y҅ྌ෸ᑍ

p1, · · · , pMᕚ௔ፘ̶ى
ᕚ௔෫ى UGBM2�`Hv AM/2T2M/2MiVғํݝ୮ಅํᔮහ FB = 0 ෸҅಍ํ

∑M
B=1 FBpB = y҅ྌ෸ᑍ

p1, · · · , pMᕚ௔෫̶ى

ֺ RғහᕟᑮᳵӾጱݻᰁࣁ R3 Ӿ҅ᘍ੊ݻᰁᕟғ

p1 =

⎛

⎝
1
2
−1

⎞

⎠ , p2 =

⎛

⎝
3
2
4

⎞

⎠ , p3 =

⎛

⎝
3
−2
11

⎞

⎠ .

ᳯғᧆݻᰁᕟฎވᕚ௔ፘىҘ
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ᕚ௔ᑮᳵ AAA
ᑮᳵጱचěᕚ௔ፘىӨᕚ௔෫ى

ຉғᘍᡤොᑕړ F1p1 + F2p2 + F3p3 = y҅ܨғ

F1

⎛

⎝
1
2
−1

⎞

⎠+ F2

⎛

⎝
3
2
4

⎞

⎠+ F3

⎛

⎝
3
−2
11

⎞

⎠ =

⎛

⎝
0
0
0

⎞

⎠

ᬯᒵհԭӞӻىԭ F1, F2, F3 ጱἶེᕚ௔ොᑕᕟғ
⎧
⎪⎨

⎪⎩

F1 + 3F2 + 3F3 = 0

2F1 + 2F2 − 2F3 = 0

−F1 + 4F2 + 11F3 = 0

࿢ᥴғ੒ᔮහᎥᴣᬰᤈᤈ۸ᓌҁᬦᑕኼ҂̔ ሿٌᑉੜԭݎզݢ j҅ොᑕᕟਂࣁᶋᵭᥴ̶ֺই҅ݢ
զᥴ஑Ӟᕟᶋᵭᥴԅ (F1, F2, F3) = (3,−2, 1)̶ᕪḵᦤғ

3p1 − 2p2 + 1p3 = y

̶ىᰁᕟᕚ௔ፘݻྌ҅ᧆࢩ
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ᕚ௔ᑮᳵ Ao
ᑮᳵጱचěᕚ௔ፘىӨᕚ௔෫ى

ֺ kғग़ᶱୗᑮᳵӾጱݻᰁᘍᡤེහӧ᩻ᬦ 2 ጱਫᔮහग़ᶱୗᑮᳵ P2[i]҅ᘍ੊ݻᰁҁग़ᶱୗ҂ғ

T1(i) = 1 + 2i − i2, T2(i) = 3 + 2i + 4i2, T3(i) = 3− 2i + 11i2.

ᳯғᧆग़ᶱୗݻᰁᕟฎވᕚ௔ፘىҘ
໏ᘍᡤොᑕݶຉғړ F1T1(i) + F2T2(i) + F3T3(i) = 0ҁᵭग़ᶱୗ҂ғ

F1(1 + 2i − i2) + F2(3 + 2i + 4i2) + F3(3− 2i + 11i2) = 0 + 0i + 0i2

ԭىᒵհԭ҅ݸᔄᶱݶଚݳ i ጱग़ᶱୗᔮහقԅᵭғ
⎧
⎪⎨

⎪⎩

F1 + 3F2 + 3F3 = 0 (ଉහᶱᔮහ)

2F1 + 2F2 − 2F3 = 0 (iᶱᔮහ)

−F1 + 4F2 + 11F3 = 0 (i2ᶱᔮහ)
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ᕚ௔ᑮᳵ o
ᑮᳵጱचěᕚ௔ፘىӨᕚ௔෫ى

࿢ᥴӨᕮᦞғᬯӻොᑕᕟӨֺৼ R Ӿጱἶེᕚ௔ොᑕᕟਠقፘݶѺࢩྌ҅ਙԞํӞᕟᶋᵭᥴ
(F1, F2, F3) = (3,−2, 1)̶ಅզ҅ᧆग़ᶱୗݻᰁᕟݶ໏ᕚ௔ፘ̶ى
ᔮҁp1ىᐏғ੒ଫސ ጱړᰁฎ T1(i) ጱᔮහ҂ᤒก҅ग़ᶱୗᑮᳵ P2[i] Ӿᬯӻٍ֛ጱݻᰁᕟٌ҅
ᕚ௔ፘى௔ᳯ᷌Ө R3 Ӿ੒ଫጱࣖຽݻᰁᕟጱᕚ௔ፘى௔ᳯ᷌ࣁդහᕮ຅Ӥฎᒵհጱ̶
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ᕚ௔ᑮᳵ oA
ᑮᳵጱचěᕚ௔ፘىӨᕚ௔෫ى
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ᕚ௔ᑮᳵ A
ᑮᳵጱचěचጱਧԎ

च U"�bBbVғᕚ௔ᑮᳵ o ጱӞӻݻᰁᕟ {ε1, ε2, . . . , εM} ইຎჿ᪃ғ
RV ᕚ௔෫ىҔ
kV o Ӿձ֜ݻᰁ᮷ݢኧ {ε1, ε2, . . . , εM} ᕚ௔ᤒᐏ̶
ᰁᕟฎݻᑍ҅ᬯӻڞ oӾጱӞᕟच̶ᑍ o ጱᖌහ U.BK2MbBQMV ԅ M҅ᦕ֢ /BK(o) = MX ഘ᥺ԏ҅
/BK(p) ੪ฎձ఺चӾݻᰁጱӻහ̶
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ᕚ௔ᑮᳵ AA
ᑮᳵጱचěचጱਧԎ
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ᕚ௔ᑮᳵ AAA
ᑮᳵጱचěचጱਧԎ

ֺғࣁ R3 Ӿ҅ݻᰁᕟ B = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} ฎӞӻच̶
ᰁݻጱ҅Ӭձ֜ىຉғਙժฎᕚ௔෫ړ (t, v, x) ∈ R3 ᮷ݢզᤒᐏԅ
t(1, 0, 0) + v(0, 1, 0) + x(0, 0, 1)̶
ᕮᦞғ/BK(R3) = 3̶
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ᕚ௔ᑮᳵ Ao
ᑮᳵጱचěचጱਧԎ

ֺٚғ
ᥴݻᰁᑮᳵ a = {t|�t = 0}ӾጱचᏐᥴᔮฎӞᕟचX
ᕮᦞғ/BK(a) = M − `ٌ҅Ӿ Mฎ๚Ꭳහӻහ- `ฎ �ጱᑉX
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R ᵞ̵ݳහऒ̵ฉ੘ j

k ᕚ௔ᑮᳵ Rk
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸ Rj
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ k9
ᑮᳵጱच k3
चӨࣖຽ̵चݒഘӨࣖຽݒഘ j3
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾ 9e

j ᕚ௔ݒഘ 8R
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ᕚ௔ᑮᳵ A
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

Ӟᕟचӥጱࣖຽࣁᰁݻ
ᦡ {ε1, ε2, . . . , εM} ฎ o ጱӞᕟच̶੒ԭձ఺ α ∈ o҅ਂࠔࣁӞጱӞᕟහ t1, t2, . . . , tM ∈ Eֵ҅஑

α = t1ε1 + t2ε2 + · · ·+ tMεM

ํଧහᕟ (t1, t2, . . . , tM) ᑍԅݻᰁ α चࣁ {εB} ӥጱࣖຽ̶
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ᕚ௔ᑮᳵ AA
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

ֺғR3 ጱຽٵच
๋ᆧఀጱचฎ R3 ጱຽٵचғ

21 =

⎛

⎝
1
0
0

⎞

⎠ , 22 =

⎛

⎝
0
1
0

⎞

⎠ , 23 =

⎛

⎝
0
0
1

⎞

⎠

ԅՋԍฎचҘғਙժᕚ௔෫҅ىӬ R3 ӾձӞݻᰁ α = (�, #, +)⊤ Ӟᤒԅࠔݢ �21 + #22 + +23̶
ࣖຽฎՋԍҘғݻᰁ α ᬯᕟचӥጱࣖຽ੪ฎࣁ (�, #, +)ńńᬯپԒฎŉดᆐŊጱ҅ྋ᧔กຽٵचԅ
౯ժୌᒈԧ๋ᛔᆐጱࣖຽᔮ̶
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ᕚ௔ᑮᳵ AAA
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

ֺٚғզ P2[i] ԅֺX
ᘍᡤེහӧ᩻ᬦ 2 ጱਫᔮහग़ᶱୗᑮᳵ P2[i] = {�0 + �1i + �2i2 | �B ∈ R}̶

๋ᛔᆐጱӞᕟचғ଍च
ᰁᕟݻ {1, i, i2} ฎ P2[i] ๋ଉአጱӞᕟच҅ᑍԅ଍च̶
ḵᦤᕚ௔෫ىғᦡ F0 · 1 + F1 · i + F2 · i2 = 0ҁᵭग़ᶱୗ҂̶ ኧग़ᶱୗፘᒵ๵կ҅஠ᶳ
F0 = F1 = F2 = 0̶
ḵᦤኞ౮ෆӻᑮᳵғձ఺ग़ᶱୗ T(i) = �0 + �1i + �2i2 ดᆐٟݢԅ �0 · 1 + �1 · i + �2 · i2̶
ࣖຽғग़ᶱୗ T(i) ଍चࣁ {1, i, i2} ӥጱࣖຽ੪ฎٌᔮහೲ଍ེഭڜጱํଧහᕟ (�0, �1, �2)̶
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ᕚ௔ᑮᳵ Ao
चӨࣖຽ̵चݒഘӨࣖຽݒഘ
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ᕚ௔ᑮᳵ o
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

ݶचӥጱࣖຽӧݶӧࣁᰁݻӞݶ

Ӟӻग़ᶱୗݶ T(i) = 3 + 2i − i2ғ
चࣁ {1, i, i2} ӥጱࣖຽฎ (3, 2,−1)̶
ᘍᡤݚӞᕟच {1, 1 + i, 1 + i + i2}̶ԅ࿢ T(i) ᬯᕟचӥጱࣖຽࣁ (t1, t2, t3)҅ᵱᥴොᑕғ

t1 · 1 + t2 · (1 + i) + t3 · (1 + i + i2) = 3 + 2i − i2

ෆቘ஑ғ(t1 + t2 + t3) + (t2 + t3)i + t3i2 = 3 + 2i − i2҅ᥴ஑ t3 = −1, t2 = 3, t1 = 1̶
ඳࣁच {1, 1 + i, 1 + i + i2} ӥ҅T(i) ጱࣖຽԅ (1, 3,−1)̶
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ᕚ௔ᑮᳵ oA
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

चӨचጱᬦჁᎥᴣ
ᦡ {η1, η2, . . . , ηM} ฎᕚ௔ᑮᳵ o ጱݚӞᕟच̶՗च {εB} चک {ηB} ጱᬦჁᎥᴣ S ฎӞӻ M × M ጱ
ғڊᔮᕳىڜᭋᎥᴣٌ҅ਧԎኧӥݢ

(η1, η2, . . . , ηM) = (ε1, ε2, . . . , εM)S.

ٍ֛ᘒ᥺҅ਖ਼ྯӻෛचݻᰁ ηD ෯चࣁ {εB} ӥ઀୏ғ
ηD = T1Dε1 + T2Dε2 + · · ·+ TMDεM, D = 1, 2, . . . ,M,

ᔮහڞ TBD ຅౮ԧᬦჁᎥᴣ S ጱᒫ D ғڜ

S = (TBD)M×M =

⎛

⎜⎜⎜⎝

T11 T12 · · · T1M
T21 T22 · · · T2M
XXX

XXX X X X XXX
TM1 TM2 · · · TMM

⎞

⎟⎟⎟⎠
.
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ᕚ௔ᑮᳵ oAA
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

ਧቘғݻᰁࣖຽݒഘلୗ
ᦡݻᰁ α ∈ o चࣁ {εB} ӥጱࣖຽԅ αε҅ࣁच {ηB} ӥጱࣖຽԅ αη҅ܨғ

α = (ε1, . . . , εM)αε = (η1, . . . , ηM)αη.

ᝑ՗च {εB} चک {ηB} ጱᬦჁᎥᴣԅ S҅ڞᬯӷӻࣖຽԏᳵჿ᪃ইӥىᔮғ

αε = Sαη ౲ᒵհࣈ αη = S−1 αε .
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ᕚ௔ᑮᳵ oAAA
चӨࣖຽ̵चݒഘӨࣖຽݒഘ

ᦤก, ኧचݒഘىᔮ (η1, . . . , ηM) = (ε1, . . . , εM)S҅դف α ෛचӥጱᤒᐏғࣁ

α = (η1, . . . , ηM)αη

=
[
(ε1, . . . , εM)S

]
αη

= (ε1, . . . , εM) (Sαη).

Ӟොᶎ҅αݚ ෯चӥጱᤒᐏԅࣁ (ε1, . . . , εM)αε̶ኧԭݻᰁݶࣁӞᕟचӥጱࣖຽฎࠔӞጱ҅ྲ᫾Ӥୗ
஑ғݢ

αε = Sαη.

ኧԭᬦჁᎥᴣ S ฎݢᭋᎥᴣ҅ࣁӤୗӷᬟݶ෸ૢԙ S−1҅ܨ஑کᭋݒഘلୗғ

αη = S−1 αε.
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R ᵞ̵ݳහऒ̵ฉ੘ j

k ᕚ௔ᑮᳵ Rk
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸ Rj
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ k9
ᑮᳵጱच k3
चӨࣖຽ̵चݒഘӨࣖຽݒഘ j3
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾ 9e

j ᕚ௔ݒഘ 8R
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ᕚ௔ৼᑮᳵ UGBM2�` am#bT�+2Vғᦡ o ฎᕚ௔ᑮᳵ҅q ฎ o ጱᶋᑮৼᵞ̶ইຎ q ੒ o Ӿጱےဩ޾
හԙᬩᓒԞ຅౮ᕚ௔ᑮᳵ҅ڞᑍ q ฎ o ጱӞӻᕚ௔ৼᑮᳵ̶

ֺғࣁ R3 Ӿ҅ᵞݳ
q = {(t, v, 0) | t, v ∈ R} Utv ଘᶎV ฎވฎ R3 ጱᕚ௔ৼᑮᳵҘ
ᰁݻᵭތӾ҅Ӭ۱ݳྌᵞࣁᰁԞՖݻӾ҅හԙձ఺ݳྌᵞࣁՖ޾ᰁጱݻຉғձ఺ӷӻړ (0, 0, 0)̶
ᕮᦞғq ฎ R3 ጱӞӻᕚ௔ৼᑮᳵ̶

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk 9e f 38

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ᑮᳵ AA
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk 9d f 38



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ᑮᳵ AAA
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk 93 f 38

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ᑮᳵ Ao
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk 9N f 38



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ᑮᳵ o
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾

ֺ᷌ғ

Ի UAMi2`b2+iBQMVғq1 ∩ q2 = {p ∈ o | p ∈ q1 Ӭp ∈ q2}̶
޾ UamKVғq1 + q2 = {r1 + r2 | r1 ∈ q1,r2 ∈ q2}̶
ֺғ

ࣁ R3 Ӿ҅ᦡ q1 = {(t, v, 0) | t, v ∈ R} Utv ଘᶎV҅q2 = {(0, v, x) | v, x ∈ R} Uvx ଘᶎV̶
Իғq1 ∩ q2 = {(0, v, 0) | v ∈ R} Uv ᫰V̶
ғq1޾ + q2 = {(t, v, x) | t, v, x ∈ R} = R3̶

ਧቘ
:`�bbK�MM ୗғ/BK(q1ل + q2) = /BK(q1) + /BK(q2)− /BK(q1 ∩ q2)̶

ፗ޾ U.B`2+i amKVғᝑ q1 ∩ q2 = {y}҅ڞᑍ޾ԅፗ҅޾ᦕ֢ q1 ⊕ q2̶
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PmiHBM2

R ᵞ̵ݳහऒ̵ฉ੘ j

k ᕚ௔ᑮᳵ Rk
՗ἶེᕚ௔ොᑕᕟጱᥴݻᰁᵞݳ᧔᩸ Rj
ᕚ௔ᑮᳵҁݻᰁᑮᳵ҂ጱਧԎӨֺৼ k9
ᑮᳵጱच k3
चӨࣖຽ̵चݒഘӨࣖຽݒഘ j3
ᕚ௔ৼᑮᳵ̵ৼᑮᳵጱԻӨ޾ 9e

j ᕚ௔ݒഘ 8R
ᕚ௔ݒഘٌ݊ᬩᓒ 8k
ᕚ௔ݒഘጱᎥᴣᤒᐏ 8d
ᇙ஄꧊Өᇙ஄ݻᰁ dj
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ᕚ௔ݒഘጱᎥᴣᤒᐏ 8d
ᇙ஄꧊Өᇙ஄ݻᰁ dj
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ᕚ௔ݒഘ UGBM2�` h`�Mb7Q`K�iBQMVғᦡ h : o → o ฎ՗ᕚ௔ᑮᳵ o ک o ጱฉ੘̶ইຎჿ᪃ғ
RV ,௔ےݢ h(m + p) = h(m) + h(p)Ҕ
kV ἶེ௔, h(αm) = αh(m)҅
ᑍڞ h ԅᕚ௔ݒഘ̶
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ֺғ
ᦡ h : R2 → R2҅ਧԎԅ h(t, v) = (t + v, t − v)̶
Ꭳݢἶེ௔҅޾௔ےݢຉғ᭗ᬦḵᦤړ h ฎӞӻᕚ௔ݒഘ̶
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໐Ө؟

໐ UE2`M2HVғE2`(h) = {p ∈ o | h(p) = y}̶
؟ UAK�;2VғAK(h) = {h(p) | p ∈ o}̶

ֺғ੒ԭᕚ௔ݒഘ h(t, v) = (t + v, t − v)̶
໐ғե h(t, v) = (0, 0)҅ᥴ஑ t = 0, v = 0̶ಅզ E2`(h) = {(0, 0)}̶
ғ੒ԭ؟ R2 Ӿձ఺ݻᰁ (�, #)҅௛ᚆತک (t, v) ֵ஑ h(t, v) = (�, #)̶ಅզ AK(h) = R2̶

ਧቘ
ᖌහਧቘғ/BK(o) = /BK(E2`(h)) + /BK(AK(h))̶
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k ᕚ௔ᑮᳵ Rk

j ᕚ௔ݒഘ 8R
ᕚ௔ݒഘٌ݊ᬩᓒ 8k
ᕚ௔ݒഘጱᎥᴣᤒᐏ 8d
ᇙ஄꧊Өᇙ஄ݻᰁ dj
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ਧቘ
ᦡ h : o → q ฎᕚ௔ݒഘ̶ᭌೠ o ጱच B = {2D} ޾ q ጱच B′ = {7B}̶ᝑ h(2D) =

∑K
B=1 �BD7B҅ڞ

Ꭵᴣ � = (�BD) ᑍԅ h चࣁ B,B′ ӥጱᎥᴣᤒᐏ҅ᦕ֢ � = [h]B
′

B ̶
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ᕚ௔ݒഘጱᎥᴣᤒᐏ

ֺғᦡ h : R2 → R2- h(t, v) = (t + v, t − v)̶ࣁຽٵच E = {(1, 0), (0, 1)} ӥ࿢ h ጱᎥᴣ̶
,ຉғh(1ړ 0) = (1, 1)- h(0, 1) = (1,−1)̶

ᕮᦞғᎥᴣᤒᐏԅ � =

(
1 1
1 −1

)
̶
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ਧቘ
ᦡ h : o → o ฎᕚ௔ݒഘ̶ᝑ � ฎ h चࣁ B ӥጱᎥᴣ҅�′ ฎ h चࣁ B′ ӥጱᎥᴣ҅Ӭ S ฎ՗ B
ک B′ ጱᬦჁᎥᴣ̶ڞ �′ = S−1�S̶

ᬯ఺ޱ፳ � ޾ �′ ฎፘ֒Ꭵᴣ UaBKBH�` J�i`B+2bV̶

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk ej f 38



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ݒഘ AA
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk e9 f 38

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ݒഘ AAA
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk e8 f 38



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ݒഘ Ao
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk ee f 38

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᕚ௔ݒഘ o
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

ֺ
૪Ꭳᕚ௔ݒഘ 7 : R3 → R3 ਧԎԅғ

7(t1, t2, t3) = ( 2t2 + t3, t1 − 4t2, 3t1 )

ҁR҂X ࿢ 7 ᛔᆐचࣁ {21, 22, 23} ӥጱᎥᴣ �
ҁk҂X ࿢ 7 चࣁ {α1,α2,α3} ӥጱᎥᴣ "

ᥴҁR҂ғݐᛔᆐच 21 = (1, 0, 0)h- 22 = (0, 1, 0)h- 23 = (0, 0, 1)h̶ਖ਼चݻᰁڦړդݒفഘ҅஑؟ٌک
Ӟᕟचӥጱࣖຽғݶࣁ

7(21) = 7(1, 0, 0) = (0, 1, 3) = 021 + 122 + 323
7(22) = 7(0, 1, 0) = (2, −4, 0) = 221 + (−4)22 + 023
7(23) = 7(0, 0, 1) = (1, 0, 0) = 121 + 022 + 023
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ਖ਼ಅ஑ࣖຽೲڜഭܨ҅ڜ஑ 7 ᛔᆐचӥጱᎥᴣࣁ �ғ

� = [7(21), 7(22), 7(23)] =

⎛

⎝
0 2 1
1 −4 0
3 0 0

⎞

⎠ .

ᥴҁk҂ғᕳਧෛचғ

α1 =

⎛

⎝
1
1
1

⎞

⎠ , α2 =

⎛

⎝
1
1
0

⎞

⎠ , α3 =

⎛

⎝
1
0
0

⎞

⎠ .

ᦡ՗ᛔᆐच {2B} ෛचک {αB} ጱᬦჁᎥᴣԅ S҅ܨ (α1,α2,α3) = (21, 22, 23)S̶ڞ S ੪ฎզ
α1,α2,α3 ഭ౮ጱᎥᴣғڜᛔᆐचӥጱࣖຽԅࣁ

S = (α1,α2,α3) =

⎛

⎝
1 1 1
1 1 0
1 0 0

⎞

⎠ .
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ᕚ௔ݒഘ oAA
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

૪Ꭳ 7 ᛔᆐचӥጱᎥᴣԅࣁ �҅໑ഝचݒഘӥᕚ௔ݒഘᎥᴣጱݒഘلୗ҅7 ෛचࣁ {αB} ӥጱᎥᴣ "
ԅғ

" = S−1�S.

ᦡᕚ௔ݒഘ 7 चࣁ UAV {2B} च޾ UAAV {αB} ӥጱᎥᴣڦړԅ � ޾ "҅՗च UAV चک UAAV ጱᬦჁ
Ꭵᴣԅ Sҁჿ᪃ (α1,α2,α3) = (21, 22, 23)S҂̔ ᔮԅғىਙժԏᳵጱڞ

" = S−1�S
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ᕚ௔ݒഘ oAAA
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

Ḓض࿢ S ጱᭋᎥᴣ S−1̶

S =

⎛

⎝
1 1 1
1 1 0
1 0 0

⎞

⎠ , /2i(S) = 1× (1× 0− 0× 0)− 1× (1× 0− 0× 1) + 1× (1× 0− 1× 1) = −1.

ᦇᓒ֎ᵋᎥᴣ౲ᤈݒഘ࿢஑ғ

S−1 =

⎛

⎝
0 0 1
0 1 −1
1 −1 0

⎞

⎠ .
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ᕚ௔ݒഘ As
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

ᆐݸᦇᓒᎥᴣԙᑌғ

" = S−1�S

=

⎛

⎝
0 0 1
0 1 −1
1 −1 0

⎞

⎠

⎛

⎝
0 2 1
1 −4 0
3 0 0

⎞

⎠

⎛

⎝
1 1 1
1 1 0
1 0 0

⎞

⎠

=

⎛

⎝
0 0 1
0 1 −1
1 −1 0

⎞

⎠

⎛

⎝
0 2 1
1 −4 0
3 0 0

⎞

⎠

⎛

⎝
1 1 1
1 1 0
1 0 0

⎞

⎠

=

⎛

⎝
3 0 0
−2 −4 0
−1 6 1

⎞

⎠

⎛

⎝
1 1 1
1 1 0
1 0 0

⎞

⎠ =

⎛

⎝
3 3 3
−6 −6 −2
4 5 −1

⎞

⎠ .
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ᕚ௔ݒഘ s
चݒഘ੒Ꭵᴣᤒᐏጱ୽ߥ

ಅզ҅ᕚ௔ݒഘ 7 चࣁ {α1,α2,α3} ӥጱᎥᴣԅ

" =

⎛

⎝
3 3 3
−6 −6 −2
4 5 −1

⎞

⎠ .
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R ᵞ̵ݳහऒ̵ฉ੘ j

k ᕚ௔ᑮᳵ Rk

j ᕚ௔ݒഘ 8R
ᕚ௔ݒഘٌ݊ᬩᓒ 8k
ᕚ௔ݒഘጱᎥᴣᤒᐏ 8d
ᇙ஄꧊Өᇙ஄ݻᰁ dj
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ᕚ௔ݒഘ A
ᇙ஄꧊Өᇙ஄ݻᰁ

ᇙ஄꧊ U1B;2Mp�Hm2V Өᇙ஄ݻᰁ U1B;2Mp2+iQ`V ̶
Ꭵᴣఘ୵ғ
ᝑਂࣁᶋᵭݻڜᰁ p ຽᰁ޾ λֵ҅஑Ꭵᴣොᑕ �p = λp ౮ᒈ҅ڞᑍ λ ԅᎥᴣ � ጱᇙ஄꧊҅p ԅ੒
ଫጱᇙ஄ݻᰁ̶

ᕚ௔ݒഘఘ୵ғ
ᦡ h : o → oฎහऒ EӤᕚ௔ᑮᳵ oӾጱᕚ௔ݒഘ ই̶ຎਂࣁᶋᵭݻᰁ p ∈ o޾ຽᰁ λ ∈ Eֵ҅ ஑

h(p) = λp

౮ᒈ҅ڞᑍ λ ԅᕚ௔ݒഘ h ጱӞӻᇙ஄꧊҅p ԅ h ੒ଫԭᇙ஄꧊ λ ጱᇙ஄ݻᰁ̶
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ᕚ௔ݒഘ AA
ᇙ஄꧊Өᇙ஄ݻᰁ

ֺғ࿢Ꭵᴣጱᇙ஄꧊Өᇙ஄ݻᰁ

ᦡᎥᴣ � =

(
1 2
2 1

)
҅࿢ٌᇙ஄꧊ λ Ө੒ଫጱᇙ஄ݻᰁ p ̸= y ჿ᪃ොᑕ �p = λp̶

ᥴғኧᇙ஄ොᑕ /2i(� − λA) = 0 ࿢ᥴᇙ஄꧊ғ

/2i
(
1− λ 2
2 1− λ

)
= (1− λ)2 − 4 = λ2 − 2λ− 3 = 0.

ᥴྌԫེොᑕ஑ᇙ஄꧊ғλ1 = 3, λ2 = −1̶
ٌེ҅੒ྯӻᇙ஄꧊࿢ᥴᇙ஄ݻᰁғ
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ᕚ௔ݒഘ AAA
ᇙ஄꧊Өᇙ஄ݻᰁ

R ੒ԭ λ1 = 3ғᥴἶེᕚ௔ොᑕᕟ (� − 3A)p = y҅ܨ
(
−2 2
2 −2

)(
p1
p2

)
=

(
0
0

)
.

ᧆොᑕᕟᒵհԭ p1 = p2҅ඳचᏐᥴᔮԅ
(
1
1

)
ᰁԅݻ᮱ᇙ஄ق҅ F1

(
1
1

)
(F1 ̸= 0)̶

k ੒ԭ λ2 = −1ғᥴἶེᕚ௔ොᑕᕟ (� + A)p = y҅ܨ
(
2 2
2 2

)(
p1
p2

)
=

(
0
0

)
.

ᧆොᑕᕟᒵհԭ p1 = −p2҅ඳचᏐᥴᔮԅ
(
−1
1

)
ᰁԅݻ᮱ᇙ஄ق҅ F2

(
−1
1

)
(F2 ̸= 0)̶

ྌ҅Ꭵᴣࢩ � ጱᇙ஄꧊ԅ λ1 = 3 ޾ λ2 = −1҅੒ଫጱق᮱ᇙ஄ݻᰁڦړԅ F1
(
1
1

)
޾ F2

(
−1
1

)
ٌ҅

Ӿ F1, F2 ԅᶋᵭձ఺ଉහ̶
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ᕚ௔ݒഘ Ao
ᇙ஄꧊Өᇙ஄ݻᰁ
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ᕚ௔ݒഘ o
ᇙ஄꧊Өᇙ஄ݻᰁ
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ᕚ௔ݒഘ oA
ᇙ஄꧊Өᇙ஄ݻᰁ

ֺғ࿢ᕚ௔ݒഘጱᇙ஄꧊Өᇙ஄ݻᰁҁು᨝ໜֺ҂
ᦡᕚ௔ᑮᳵ o = S1[i] ԅེහӧ᩻ᬦ 1 ጱग़ᶱୗ຅౮ጱᕚ௔ᑮᳵ̶ਧԎᕚ௔ݒഘ h : o → o ᑮᳵࣁ
च {1, i} Ӥጱ֢አԅғ

h(1) = 1 + 2i, h(i) = 2 + i.
࿢ᧆᕚ௔ݒഘ h ጱᇙ஄꧊ λ Ө੒ଫጱᇙ஄ݻᰁҁܨᶋᵭग़ᶱୗ T(i) ∈ o҂̔ ჿ᪃ොᑕ
h(T(i)) = λ T(i)̶

ᥴғḒ҅ضਖ਼ᕚ௔ݒഘ h ᕳਧጱचࣁ {1, i} ӥᤒᐏԅᎥᴣ̶चݻᰁ 1 ޾ i )ԅڦړᧆचӥጱࣖຽࣁ
1
0

)
޾

(
0
1

)
̶ᦇᓒਙժࣁ h ӥጱ؟ጱࣖຽғ

h(1) = 1 + 2i ⇒ ࣖຽғ
(
1
2

)
,
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ᕚ௔ݒഘ oAA
ᇙ஄꧊Өᇙ஄ݻᰁ

h(i) = 2 + i ⇒ ࣖຽғ
(
2
1

)
.

ഘݒྌ҅ᕚ௔ࢩ h चࣁ {1, i} ӥጱᎥᴣᤒᐏԅғ

�h =

(
1 2
2 1

)
.

ളӥ๶҅ᳯ᷌᫨۸ԅ࿢Ꭵᴣ �h ጱᇙ஄꧊Өᇙ஄ݻᰁ҅ᥴဩӨڹᬿᎥᴣໜֺਠقፘ̶ݶ
ኧᇙ஄ොᑕ /2i(�h − λA) = 0 ࿢ᥴᇙ஄꧊ғ

/2i
(
1− λ 2
2 1− λ

)
= (1− λ)2 − 4 = λ2 − 2λ− 3 = 0.

ᥴྌԫེොᑕ஑ᇙ஄꧊ғλ1 = 3, λ2 = −1̶
ٌེ҅੒ྯӻᇙ஄꧊࿢ᥴᇙ஄ݻᰁғ
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ᕚ௔ݒഘ oAAA
ᇙ஄꧊Өᇙ஄ݻᰁ

R ੒ԭ λ1 = 3ғᥴἶེᕚ௔ොᑕᕟ (�h − 3A)p = y҅ܨ
(
−2 2
2 −2

)(
p1
p2

)
=

(
0
0

)
.

ᧆොᑕᕟᒵհԭ p1 = p2҅ඳचᏐᥴᔮ੒ଫጱࣖຽݻᰁԅ
(
1
1

)
̶ਖ਼ྌࣖຽݻᰁᬮܻԅ o Ӿጱग़

ᶱୗ҅஑ک੒ଫ λ1 = 3 ጱᇙ஄ݻᰁҁग़ᶱୗ҂ԅғ

T1(i) = F1 · (1 · 1 + 1 · i) = F1(1 + i), F1 ̸= 0.
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ᕚ௔ݒഘ As
ᇙ஄꧊Өᇙ஄ݻᰁ

k ੒ԭ λ2 = −1ғᥴἶེᕚ௔ොᑕᕟ (�h + A)p = y҅ܨ
(
2 2
2 2

)(
p1
p2

)
=

(
0
0

)
.

ᧆොᑕᕟᒵհԭ p1 = −p2҅ඳचᏐᥴᔮ੒ଫጱࣖຽݻᰁԅ
(
−1
1

)
̶ਖ਼ྌࣖຽݻᰁᬮܻԅ o Ӿጱ

ग़ᶱୗ҅஑ک੒ଫ λ2 = −1 ጱᇙ஄ݻᰁҁग़ᶱୗ҂ԅғ

T2(i) = F2 · (−1 · 1 + 1 · i) = F2(−1 + i), F2 ̸= 0.
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ᕚ௔ݒഘ s
ᇙ஄꧊Өᇙ஄ݻᰁ

ഘݒྌ҅ᕚ௔ࢩ h ጱᇙ஄꧊ԅ λ1 = 3 ޾ λ2 = −1҅੒ଫጱق᮱ᇙ஄ݻᰁҁग़ᶱୗ҂ڦړԅ F1(1 + i)
޾ F2(−1 + i)ٌ҅Ӿ F1, F2 ԅᶋᵭձ఺ଉහ̶

௛ᕮғྌֺӾ҅ᕚ௔ݒഘ h चࣁ {1, i} ӥጱᎥᴣᤒᐏ௴অԅ
(
1 2
2 1

)
҅ӨڹᬿᎥᴣໜֺӾጱᎥᴣ �

ፘ̶ݶᬯႴศࣈ઀ᐏԧզӥ੒ᒵىᔮғ
Ꭵᴣໜֺғፗള੒ٍ֛Ꭵᴣ � ᬰᤈړຉ҅ᇙ஄ݻᰁԅݻڜᰁ̶
ು᨝ໜֺғ੒ਧԎࣁᕚ௔ᑮᳵ S1[i] Ӥጱು᨝ᕚ௔ݒഘ h ᬰᤈړຉ҅᭗ᬦᭌݐच឴஑ٌᎥᴣᤒ
ᐏ �h҅࿢ᥴݸᵱਖ਼ࣖຽݻᰁŉᘉᦲŊܻࢧᑮᳵӾጱग़ᶱୗ̶
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ᇙ஄꧊Өᇙ஄ݻᰁ A
ଉᥠᕚ௔ݒഘጱᇙ஄꧊Өᇙ஄ݻᰁ

CBM;#Q sB� ᕚ௔ᑮᳵӨᕚ௔ݒഘ kyk8XRkXjy ńńՈૡฬᚆ kjyRfkjyk 3j f 38

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

ᇙ஄꧊Өᇙ஄ݻᰁ AA
ଉᥠᕚ௔ݒഘጱᇙ஄꧊Өᇙ஄ݻᰁ
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