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ChatGPT 和它背后的数学模型

夏静波
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xiajingbo.math@gmail.com

03/17/2023

夏静波 (HZAU ) Brief Talk 03/17/2023 1 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Table of contents I

1 从内容生成说起 3
内容生成的业务场景 4
What is ChatGPT? 9

2 相关模型 10
Generative Model/生成模型 11
Language Model/语言模型 18
Embedding Representative/嵌入表示 24
从 Attention, Transformer, BERT，到 GPT family 30

3 ChatGPT 性能评测和训练成本 43
性能评测 44
规模和训练成本 49

4 一些探讨 54
ChatGPT 可以做什么 55
其他工程或者科学的议题 57

夏静波 (HZAU ) Brief Talk 03/17/2023 2 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Outline

1 从内容生成说起 3
内容生成的业务场景 4
What is ChatGPT? 9

2 相关模型 10
Generative Model/生成模型 11
Language Model/语言模型 18
Embedding Representative/嵌入表示 24
从 Attention, Transformer, BERT，到 GPT family 30

3 ChatGPT 性能评测和训练成本 43
性能评测 44
规模和训练成本 49

4 一些探讨 54
ChatGPT 可以做什么 55
其他工程或者科学的议题 57

夏静波 (HZAU ) Brief Talk 03/17/2023 3 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

1 从内容生成说起 3
内容生成的业务场景 4
What is ChatGPT? 9

2 相关模型 10

3 ChatGPT 性能评测和训练成本 43

4 一些探讨 54

夏静波 (HZAU ) Brief Talk 03/17/2023 4 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Image from https://www.jd.com/
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Input: An astronaut riding a horse in photorealistic style.
Output:

Image from https://openai.com/product/dall-e-2/
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Input: 请写一首关于武汉的诗词，要含有“长江、黄鹤楼”等元素？

Output:
长江之滨，武汉地标，黄鹤楼上，江景美景。
城中繁华，工业壮丽，文化底蕴，历史悠长。
长江流淌，洪波涌动，黄鹤楼前，风光明媚。
人来人往，生机勃勃，繁华热闹，一片繁荣。
武汉动力，科技先锋，黄鹤楼上，望远天际。
创新激扬，发展迅猛，迎接未来，气吞山河。
长江起伏，武汉昂扬，黄鹤楼上，景致非凡。
繁华热烈，不息延续，武汉美好，盼君光临。
Example from http://m.cnhubei.com/content/2023-02/11/content_15469076.html
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从内容生成说起 I
What is ChatGPT?

What is ChatGPT? a

ChatGPT is a Silicon Valley startup from a non-profit AI company called
OpenAI, funded by $1 billion from Microsoft Corp.
It is an AI-based text generator. It interacts to questions in a conversational
way. The dialogue format ... answer followup questions, admit its mistakes,
challenge incorrect premises, and reject inappropriate requests.
The algorithm is a language model trained through human feedback and ...
almost all of the written text available on the Internet. 300 billion words
and 570 gigabytes of data was used to build its knowledge.
ChatGPT isn’t just copying bits from the web, it’s genuinely creating new
text. It can write elaborate essays, short stories, news articles, movie scripts,
solve complex science and math problems, produce working computer code,
hold a conversation, and write a limerick explaining the offside rule in soccer!

aJennifer King, Brisbane Boys’College.
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相关模型 I
Generative Model/生成模型

生成模型

A generative model a is a statistical model of the joint probability distribution
P(X,Y) on given observable variable X and target variable Y; A discrimi-
native model is a model of the conditional probability P(Y|X = x) of the
target Y, given an observation X....

ahttps://en.wikipedia.org/wiki/Generative_model

在概率统计理论中，生成模型a是指能够随机生成观测数据的模型，尤其
是在给定某些隐含参数的条件下。它给观测值和标注数据序列指定一个
联合概率分布。在机器学习中，生成模型可以用来直接对数据建模（例如
根据某个变量的概率密度函数进行数据采样），也可以用来建立变量间的
条件概率分布。条件概率分布可以由生成模型根据贝叶斯定理形成。

ahttps:
//baike.baidu.com/item/%E7%94%9F%E6%88%90%E6%A8%A1%E5%9E%8B/6563656
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相关模型 II
Generative Model/生成模型

经典模型中的生成模型和判别模型举例
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相关模型 III
Generative Model/生成模型

深度生成模型

Deep generative models a:
With the rise of deep learning, a new family of methods, called deep genera-
tive models (DGMs) is formed through the combination of generative models
and deep neural networks. An increase in the scale of the neural networks is
typically accompanied by an increase in the scale of the training data, both
of which are required for good performance.
Popular DGMs include variational autoencoders (VAEs), generative adver-
sarial networks (GANs), and auto-regressive models. Recently, there has
been a trend to build very large deep generative models.
For example, GPT-3, and its precursor GPT-2, are auto-regressive neural
language models that contain billions of parameters

ahttps://en.wikipedia.org/wiki/Generative_model
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相关模型 IV
Generative Model/生成模型

Variational Auto-Encoder/ VAE a:
log p(X)−KL[q(z|X)||p(z|X)] = Ez∼q[log p(X|z)]−KL[q(z|X)||p(z)].

Image from https://data-science-blog.com/

aKingma D P, Welling M. Auto-encoding variational bayes, 2013.
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相关模型 V
Generative Model/生成模型

Generative Adversarial Networks/ GAN a:
min

G
max

D
V(D,G) = EX∼pdata(x)[log D(x)] + EZ∼pz(z)[log(1− D(G(z)))]

Image from https://zhuanlan.zhihu.com

aCreswell, Antonia, et al. ”Generative adversarial networks: An overview.”, 2018.
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相关模型 VI
Generative Model/生成模型

Diffusion Probabilistic Model/ DPM a

− log pθ(x0) ≤ Eq[− log pθ(x0:T)
q(x1:T|x0)

] := L
= Eq[DKL(q(xT|x0)||p(xT))︸ ︷︷ ︸

LT

+
∑
t>1

DKL(q(xt−1|xt, x0)||pθ(xt−1|xt))︸ ︷︷ ︸
Lt−1

− pθ(x0|x1)︸ ︷︷ ︸
L0

]

aHo, Jonathan, Ajay Jain, and Pieter Abbeel. ”Denoising diffusion probabilistic
models.” (2020).
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相关模型 VII
Generative Model/生成模型

ChatGPT 与其他深度生成模型的方法比较
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相关模型 I
Language Model/语言模型

Image from https://devopedia.org/n-gram-model

In his paper titled “A Mathematical Theory of Communication”, Claude Shannon
describes an example in which the next letter depends on the previous one based
on defined probabilities.
This is an application of Markov process to natural languages.

夏静波 (HZAU ) Brief Talk 03/17/2023 18 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

相关模型 II
Language Model/语言模型

Language model a

A language model is a probability distribution over sequences of words.
Given any sequence of words of length m, a language model assigns a prob-
ability P(w1, . . . ,wm) to the whole sequence. Language models generate
probabilities by training on text corpora in one or many languages.

Language models are useful for a variety of problems in computational lin-
guistics; from initial applications in speech recognition, ..., to wider use
in machine translation, natural language generation (generating more
human-like text), part-of-speech tagging, parsing, optical character recog-
nition, handwriting recognition, grammar induction, information retrieval,
and other applications.

ahttps://en.wikipedia.org/wiki/Language_model
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相关模型 III
Language Model/语言模型

语言模型：n-gram model

An n-gram model is a type of probabilistic language model for predicting the
next item in such a sequence in the form of a (n−1)–order Markov model. a

In the fields of computational linguistics and probability, an n-gram is a
contiguous sequence of n items from a given sample of text or speech. The
items can be phonemes, syllables, letters, words or base pairs according to
the application. The n-grams typically are collected from a text or speech
corpus.

ahttps://en.wikipedia.org/wiki/N-gram.
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相关模型 IV
Language Model/语言模型

N-gram 基于这样的想法，它的第一个特点是某个词的出现依赖于其他若
干个词，第二个特点是我们获得的信息越多，预测越准确。我想说，我们
每个人的大脑中都有一个 N-gram 模型，而且是在不断完善和训练的。

N-gram 模型是一种语言模型（Language Model，LM），语言模型是一个
基于概率的判别模型，它的输入是一句话（单词的顺序序列），输出是这
句话的概率，即这些单词的联合概率（joint probability）。a

ahttps://blog.csdn.net/songbinxu/article/details/80209197.

夏静波 (HZAU ) Brief Talk 03/17/2023 21 / 62

https://blog.csdn.net/songbinxu/article/details/80209197


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

相关模型 V
Language Model/语言模型

语言模型：Bag-of-Words Model

The bag-of-words model a is a simplifying representation used in NLP and
information retrieval (IR). In this model, a text (such as a sentence or a
document) is represented as the bag of its words, disregarding grammar and
even word order but keeping multiplicity.

Image from https://blog.csdn.net/

ahttps://en.wikipedia.org/wiki/Bag-of-words_model.
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相关模型 VI
Language Model/语言模型

词袋模型能够把一个句子转化为向量表示，是比较简单直白的一种方法，
它不考虑句子中单词的顺序，只考虑词表（vocabulary）中单词在这个句
子中的出现次数。a

词袋模型是 n-gram语法模型的特例 1元模型。该模型忽略掉文本的语法
和语序等要素。b

ahttps://blog.csdn.net/u012328159/article/details/84719494.
bhttps://zhuanlan.zhihu.com/p/53302305.
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相关模型 I
Embedding Representative/嵌入表示

词嵌入

In natural language processing (NLP), a word embedding is a representation
of a word. The embedding is used in text analysis.

Images from https://www.infoq.cn/, https://huaban.com/
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相关模型 II
Embedding Representative/嵌入表示

Typically, the representation is a real-valued vector that encodes the meaning of
the word in such a way that words that are closer in the vector space are expected
to be similar in meaning. Word embeddings can be obtained using language
modeling and feature learning techniques, where words or phrases from the
vocabulary are mapped to vectors of real numbers.

Methods to generate this mapping include
neural networks,
dimensionality reduction on the word co-occurrence matrix,
probabilistic models,
explainable knowledge base method,
and explicit representation in terms of the context in which words appear.
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相关模型 III
Embedding Representative/嵌入表示

语言模型 + 嵌入模型：Word2Vec

Word2Vec a

1. Predict current word given context words (CBOW).
e.g., “I”, “like”, “”Peppa” −→ “pig”.
2. Predict context word given current word (Skip-Gram).
e.g., “pig” −→ “I”, “like”, “”Peppa”.

Image from ”Two/Too Simple Adaptations of Word2Vec for Syntax Problems”

aMikolov Tomas, et al., (2013). ”Distributed Representations of Words and Phrases
and their Compositionality”.
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相关模型 IV
Embedding Representative/嵌入表示

Image from Stanford cs224d.
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相关模型 V
Embedding Representative/嵌入表示

Put Skip-Gram as an example, the figure shows clearly the algorithm steps.
1 Skip-Gram generates two embedding matrices, Wd×V, and W′

V×d (Also
denoted as U). V is the size of vocabulary, d is the length of embedding.

2 We generate our one hot input vector, wc, for the center word wc.
3 Obtain the word embedding of the center word, as vc = Wwc. W is the word

embedding matrix as the representation of the center word.
4 For the context word, generate score vectors

W′vc = (uT
1 vc, uT

2 vc, · · · , uT
Vvc)

T.
Note: for a chosen word wx, ux is the embedding for the output word, vx is
for the input word. uT

x vc is the inner product (similarity ) of wx and wc.
5 Compute Softmax(W′vc).

Important! The conditional prob
P(wx|wc) = Softmax(W′vc)Max 分量 =

exp(uT
x vc)∑

i=1V exp(uT
i vc)

.
6 Minimize Cross Entropy of Softmax(W′vc) and one hot coding of the actual

context word.
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相关模型 VI
Embedding Representative/嵌入表示

表示学习

In machine learning, feature learning or representation learning ais a set of
techniques that allows a system to automatically discover the representations
needed for feature detection or classification from raw data. This replaces
manual feature engineering and allows a machine to both learn the features
and use them to perform a specific task.

ahttps://en.wikipedia.org/wiki/Feature_learning

Image, text, graph, audio, video, multimodal
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相关模型 I
从 Attention, Transformer, BERT，到 GPT family

Feed forward NN, Convolutional NN

Feed backward NN, Recurrent NN

夏静波 (HZAU ) Brief Talk 03/17/2023 30 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

相关模型 II
从 Attention, Transformer, BERT，到 GPT family

Seq2seq model a, with an encoder-decoder architecture.

Seq2seq turns one sequence into another sequence (sequence transforma-
tion). It does so by use of a recurrent neural network (RNN) or more often
LSTM or GRU to avoid the problem of vanishing gradient. b

aTomas Mikolov, Doctor thesis, 2012, ”STATISTICAL LANGUAGE MODELS
BASED ON NEURAL NETWORKS”

bhttps://en.wikipedia.org/wiki/Seq2seq.
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相关模型 III
从 Attention, Transformer, BERT，到 GPT family

Attention a

aDzmitry Bahdanau, 2015, Neural machine translation by jointly learning to align
and translate.
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相关模型 IV
从 Attention, Transformer, BERT，到 GPT family

Transformer a.

”Transformer, a model architecture eschewing recurrence and instead relying
entirely on an attention mechanism to draw global dependencies between
input and output.”

aVaswani, Ashish, et al. ”Attention is all you need.” (2017).
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相关模型 V
从 Attention, Transformer, BERT，到 GPT family

”The Transformer allows for significantly more parallelization and can reach
a new state of the art in translation quality after being trained for as little
as twelve hours on eight P100 GPUs.”
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相关模型 VI
从 Attention, Transformer, BERT，到 GPT family

BERT a

aDevlin, Jacob, et al. ”Bert: Pre-training of deep bidirectional transformers for
language understanding.” (2018).
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相关模型 VII
从 Attention, Transformer, BERT，到 GPT family

Image from DistilBERT
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相关模型 VIII
从 Attention, Transformer, BERT，到 GPT family

Image from Zhiyuan Liu, et al., Representation Learning for Natural Language Processing
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相关模型 IX
从 Attention, Transformer, BERT，到 GPT family

GPT a ... input transformations for fine-tuning on different tasks.

aAlec Radfor, et al., 2018. Improving Language Understanding by Generative
Pre-Training.
https://www.cs.ubc.ca/~amuham01/LING530/papers/radford2018improving.pdf
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相关模型 X
从 Attention, Transformer, BERT，到 GPT family

GPT2 a ... multi-task learner.
Its conclusion:

“When a large language model is trained on a sufficiently large and
diverse dataset it is able to perform well across many domains and
datasets.
GPT-2 zero-shots to state of the art performance on 7 out of 8 tested
language modeling datasets.
The diversity of tasks the model is able to perform in a zero-shot
setting suggests that high-capacity models trained to maximize the
likelihood of a sufficiently varied text corpus begin to learn how to
perform a surprising amount of tasks without the need for explicit
supervision.”

aAlec Radford, et al., Language Models are Unsupervised Multitask Learners, 2018.
https://cs.brown.edu/courses/csci1460/assets/papers/language_models_are_
unsupervised_multitask_learners.pdf
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相关模型 XI
从 Attention, Transformer, BERT，到 GPT family

GPT-3 a: in-context learning

aTom Brown, et al., Language Models are Few-Shot Learners, 2020.
https://arxiv.org/pdf/2005.14165.pdf
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相关模型 XII
从 Attention, Transformer, BERT，到 GPT family

InstructGPT a: ... align language models with user intent on a wide
range of tasks by Reinforcement Learning from Human Feedback (RLHF).

aLong Ouyang, et al. Training language models to follow instructions with human
feedback, 2022. https://arxiv.org/pdf/2203.02155.pdf
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相关模型 XIII
从 Attention, Transformer, BERT，到 GPT family

ChatGPT a: Sibling of InstructGPT, using Reinforcement Learning from
Human Feedback (RLHF).

a“ChatGPT: Optimizing Language Models for Dialogue.”OpenAI, 30 November
2022, https://openai.com/blog/chatgpt/

夏静波 (HZAU ) Brief Talk 03/17/2023 42 / 62

https://openai.com/blog/chatgpt/


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Outline

1 从内容生成说起 3
内容生成的业务场景 4
What is ChatGPT? 9

2 相关模型 10
Generative Model/生成模型 11
Language Model/语言模型 18
Embedding Representative/嵌入表示 24
从 Attention, Transformer, BERT，到 GPT family 30

3 ChatGPT 性能评测和训练成本 43
性能评测 44
规模和训练成本 49

4 一些探讨 54
ChatGPT 可以做什么 55
其他工程或者科学的议题 57

夏静波 (HZAU ) Brief Talk 03/17/2023 43 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

1 从内容生成说起 3

2 相关模型 10

3 ChatGPT 性能评测和训练成本 43
性能评测 44
规模和训练成本 49

4 一些探讨 54

夏静波 (HZAU ) Brief Talk 03/17/2023 44 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

ChatGPT 性能评测和训练成本 I
性能评测：数学

数学能力测试

a

aPaulo Shakarian, et al., 2013. An Independent Evaluation of ChatGPT on
Mathematical Word Problems (MWP). https://arxiv.org/abs/2302.13814
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ChatGPT 性能评测和训练成本 II
性能评测：数学

数学题解答生成的性能测试

a

aPaulo Shakarian, et al., 2013. An Independent Evaluation of ChatGPT on
Mathematical Word Problems (MWP). https://arxiv.org/abs/2302.13814
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ChatGPT 性能评测和训练成本 I
性能评测：医学

医学临床病例生成的性能测试

First, we generated a synthetic set of pediatric clinical vignettes using Chat-
GPT. We created 10 pediatric clinical vignettes for each of 10 common
childhood diseases, each using a prompt given below.

Prompt: “Write ten different clinical vignettes in the first person from the
perspective of the child’s parent... speaking. Each vignette should contain
one to all of the lay symptoms of a child who has [disease]. Do not use the
term [disease], but make sure the combination of symptoms you use points
to it. Do not use symptoms from the previous vignette.” a

aJames R. A. Benoit, 2023. ChatGPT for Clinical Vignette Generation, Revision,
and Evaluation.
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ChatGPT 性能评测和训练成本 II
性能评测：医学

ChatGPT was able to quickly produce varied contexts and symptom profiles
when writing vignettes based on an illness name, but overused some core
disease symptoms.
When presented with 45 vignettes, ChatGPT identified illnesses with 75.6%
first-pass diagnostic accuracy and 57.8% triage accuracy.
Its use does require monitoring and has caveats, which we discuss. ChatGPT
was capable, with caveats and appropriate review, of generating, rewriting,
and evaluating clinical vignettes
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ChatGPT 性能评测和训练成本 I
性能评测：医学

国家医师资格考试的性能测试

In this study, a total of 49 medical students participated in the examination
in 2021, and 65 students took part in the examination in 2022. a

aXinyi Wang, 2023. ChatGPT Performs on the Chinese National Medical Licensing
Examination

夏静波 (HZAU ) Brief Talk 03/17/2023 48 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

1 从内容生成说起 3

2 相关模型 10

3 ChatGPT 性能评测和训练成本 43
性能评测 44
规模和训练成本 49

4 一些探讨 54

夏静波 (HZAU ) Brief Talk 03/17/2023 49 / 62



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

ChatGPT 性能评测和训练成本 I
规模和训练成本

模型规模比较 a

a知乎，《预训练语言模型之 GPT-1，GPT-2 和 GPT-3》
https://zhuanlan.zhihu.com/p/350017443
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ChatGPT 性能评测和训练成本 II
规模和训练成本

Image from DistilBERT
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ChatGPT 性能评测和训练成本 III
规模和训练成本

Image from https://research.aimultiple.com/gpt/
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ChatGPT 性能评测和训练成本 IV
规模和训练成本

Image from https://research.aimultiple.com/gpt/
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ChatGPT 性能评测和训练成本 V
规模和训练成本

https://research.aimultiple.com/gpt/
GPT-3 took tens/hundreds of millions to build.
A training run is estimated to cost $4.6 million and it takes numerous
training runs to fine tune the training process.
This just computes cost which tends to be a fraction of overall costs. Wages
of a large team of researchers and the supporting engineering team...
GPT-3 is ±10x larger than the largest NLP model built to date. To achieve a
similar improvement, researchers would need to put hundreds of millions or
possibly billions into the project. This is not practical for a research project
with limited commercial application.
Though OpenAI achieved significant progress in creating human-like
language, almost no progress has been made to create a model with logical
reasoning capabilities.
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一些探讨 I
ChatGPT 可以做什么

Image from https://chat.openai.com/chat

ChatGPT 可以做什么？
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一些探讨 II
ChatGPT 可以做什么

ChatGPT for education a

After-hours tutor.
Song and story writer.
Emulate the writing style of an author.
Discussion prompts for students based on a piece of literature, topic,
event, concept, etc.
Tool for translation practice.
Generate examples that illustrate a topic or concept.
Adapt text for a specific audience.
Generate questions and prompts related to the topic of discussion.
Vocabulary Practice

aJennifer King, Brisbane Boys’College

ChatGPT 可以做什么？
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一些探讨 I
其他工程或者科学的议题

Image from Zhiyuan Liu, et al., Representation Learning for Natural Language Processing

相比 BERT 的开放性使用，ChatGPT...
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一些探讨 II
其他工程或者科学的议题

Image from https://www.timeshighereducation.com

生成材料的合规性，法理和伦理。
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一些探讨 III
其他工程或者科学的议题

”As generative AI models grow larger and more powerful, some scientists advocate
for leaner, more energy-efficient systems. ”

Image from Nature, 10 March 2023, ”In AI, is bigger always better?”

超大体量训练集是最好的 AI 发展方向？
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一些探讨 IV
其他工程或者科学的议题

https://www.science.org/doi/full/10.1126/science.adg7879

In-context + user intent = 最好的内容生成?
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一些探讨 V
其他工程或者科学的议题

工程上的成功和科学上的探索。
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