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h�#H2 Q7 +QMi2Mib A
R :`�T? 1K#2//BM; �M/ EMQrH2/;2 :`�T? j

h`BTH2 �M/ FMQrH2/;2 ;`�T? UE:V 9
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h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G R3
6`QK _1a*�G iQ .BbiJmHi �M/ +QKTH1s kj

9 L2m`�H L2irQ`F QM :`�T?b k8
6`QK *LL- :`�T? 2K#2//BM; iQ :LL ke
"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压缩映射V i?2Q`2K kN
:LL jj
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` U拉普拉斯算子V iQ 6Qm`B2`
i`�Mb7Q`K U傅立叶变换V 9y
:*L �M/ +Hmbi2`@:*L e3
_@:*L- � :*L B/2� QM `2H�iBQM dk

CBM;#Q sB� U>w�lV "BQK2/B+�H h2ti JBMBM; �M/ EMQrH2/;2 .Bb+Qp2`v kyky@yk@Rd k f dj

X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

PmiHBM2
R :`�T? 1K#2//BM; �M/ EMQrH2/;2 :`�T? j

h`BTH2 �M/ FMQrH2/;2 ;`�T? UE:V 9
Pp2`pB2r 8

k h`�MbH�iBQM�H .Bbi�M+2 JQ/2Hb N
h`�Mb1 Ry
6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_ Rk

j a2K�MiB+ J�i+?BM; JQ/2Hb Rd
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G R3
6`QK _1a*�G iQ .BbiJmHi �M/ +QKTH1s kj

9 L2m`�H L2irQ`F QM :`�T?b k8
6`QK *LL- :`�T? 2K#2//BM; iQ :LL ke
"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压缩映射V i?2Q`2K kN
:LL jj
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` U拉普拉斯算子V iQ 6Qm`B2`
i`�Mb7Q`K U傅立叶变换V 9y
:*L �M/ +Hmbi2`@:*L e3
_@:*L- � :*L B/2� QM `2H�iBQM dk

CBM;#Q sB� U>w�lV "BQK2/B+�H h2ti JBMBM; �M/ EMQrH2/;2 .Bb+Qp2`v kyky@yk@Rd j f dj
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

:`�T? 1K#2//BM; �M/ EMQrH2/;2 :`�T?
h`BTH2 �M/ FMQrH2/;2 ;`�T? UE:V

6mM/�K2Mi�Hb BM E:,
R E, a2i Q7 2MiBiB2b
k R, a2i Q7 `2H�iBQMb
j D+ = (?, `, i), a2i Q7 7�+ib Ui`BTH2bV r?2`2

! ?2�/ 2MiBiv ? ∈ EX
! i�BH 2MiBiv i ∈ E
! `2H�iBQM ` ∈ R #2ir22M ?2�/ �M/ i�BH

图 R, h`BTH2b �M/ E"
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:`�T? 1K#2//BM; �M/ EMQrH2/;2 :`�T? A
Pp2`pB2r

*?�`�+i2`BbiB+b,
R �p�BH�#BHBiv Q7 ?m;2 /�i�
k lb2 #Qi? ;`�T?b �M/ i2tib

EMQrH2/;2 ;`�T? �TTHB+�iBQMb
R GBMF T`2/B+iBQM, (?, `, i) Q` (?, ?, i) Q` (?, `, ?)
k h`BTH2 +H�bbB}+�iBQM, (?, `, i)?
j 1MiBiv +H�bbB}+�iBQM, (?, Ab�, ?)
9 1MiBiv `2bQHmiBQM, (t,1[m�HhQ, v)
8 _2H�iBQM /Bb+Qp2`v BM #BQ@}2H/, (?S`Qi2BM,h�`;2iQ7, ?+?2KB+�H)

h2ti@`2H�i2/ �TTHB+�iBQMb
R _2H�iBQM 2ti`�+iBQM

! a2Mi2M+2, “*?2KB+�H i�`;2i2/ QM S`Qi2BM”
! .2i2+i2/ 2MiBiB2b, ? = S`Qi2BM, i = *?2KB+�H : (?,h�`;2iP7, i)X

k Zm2biBQM �Mbr2`BM;
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:`�T? 1K#2//BM; �M/ EMQrH2/;2 :`�T? AA
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R Zm2biBQM, “q?�i i�`;2i2/ QM T`Qi2BM\”
k amTTQ`iBM; 7�+i, (S`Qi2BM,h�`;2iQ7,*?2KB+�H)
j �Mbr2`, *?2KB+�H

1K#2//BM; i`B+Fb
R 1K#2/ i?2 2MiBiB2b �b p2+iQ`b
k 1K#2/ i?2 `2H�iBQMb �b

! K�i`B+2b
! i2MbQ`b
! KmHiBp�`B�i2 :�mbbB�M /Bbi`B#miBQMb

EMQrH2/;2 BM72`2M+2
R .2}M2 � b+Q`BM; 7mM+iBQM 7`(?, i) QM 2�+? 7�+i (?, `, i) iQ K2�bm`2 TH�mbB#BHBiv

Q7 7�+i
k J�tBKBx2 iQi�H TH�mbB#BHBiv Q7 7�+ib BM FMQrH2/;2 ;`�T? D+

PM2 `Qm;?Hv +�i2;Q`Bx2b bm+? 2K#2//BM; i2+?MB[m2b BMiQ irQ ;`QmTb R,
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R h`�MbH�iBQM�H /Bbi�M+2 KQ/2Hb
h`�Mb1- h`�Mb>- h`�Mb_- h`�Mb.- h`�MaT�`b2- h`�MbJ- J�MB7QH/1-
h`�Mb6- h`�Mb�- E:k1- h`�Mb:- lJ- a1- _Qi�i1X

k a2K�MiB+ K�i+?BM; KQ/2Hb
_1a*�G- h�h1*- .BbiJmHi- >QH1- *QKTH1s- �L�GP:u- aJ1- LhL-
aGJ- JGS- L�J- aBKTH1- hm+F1_- *QMp1- *QMpE"- *�Tb1- a�*LX

h?2 7Q`K2` mb2 /Bbi�M+2@#�b2/ b+Q`BM; 7mM+iBQMb- �M/ i?2 H�ii2` Bb bBKBH�`Biv@#�b2/
QM2bX
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h`�MbH�iBQM�H .Bbi�M+2 JQ/2Hb A
h`�Mb1

h`�Mb 1- � h`�MbH�iBQM�H .Bbi�M+2 KQ/2H jX
R _2H�iBQM 4 p2+iQ` `
k �TTHv `2H�iBQM 4 i`�MbH�i2 ?2�/ 2MiBiv

! �// p2+iQ` Q7 `2H�iBQM ` iQ ?2�/ 2MiBiv ? iQ Q#i�BM i�BH 2MiBiv i
! ? + ` ≈ i
! UaBKBH�` KQiBp2 iQ qQ`/ko2+V C�T�M−hQFvQ4*?BM�−"2BDBM;

j JBMBKBx2 /Bbi�M+2 rBi? �+im�H i�BH 2MiBiv UmbBM; G1 Q` G2 MQ`KV
! 7`(?, i) = Ɛ||? + `Ɛi||1
! 7`(?, i) = Ɛ||? + `Ɛi||2

9 GBKBi�iBQM
! JQ/2Hb � `2H�iBQM �b � 7mM+iBQM
! .Q2b MQi rQ`F 7Q` 1 : M- M : 1- M : M `2H�iBQMb
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图 j, h`�Mb1

h?Bb };m`2 pBbm�HBx2/ i?2 B/2� Q7 h`�Mb1X

jhQK�b JBFQHQp- E�B *?2M- :`2; *Q``�/Q- �M/ C2z`2v .2�MX 1{+B2Mi 2biBK�iBQM Q7 rQ`/
`2T`2b2Mi�iBQMb BM p2+iQ` bT�+2X AM S`Q+X qQ`Fb?QT �i A*G_’Rj- kyRj�X
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h`�MbH�iBQM�H .Bbi�M+2 JQ/2Hb A
6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_

h`�Mb> 9X
R 6Q` � `2H�iBQM `- TQbBiBQM i?2 `2H�iBQM@bT2+B}+ i`�MbH�iBQM p2+iQ` /` BM i?2

`2H�iBQM@bT2+B}+ ?vT2`TH�M2- r`t + # = 0 rBi? r` Ui?2 MQ`K�H p2+iQ`，法向
量V- `�i?2` i?�M BM i?2 b�K2 bT�+2 Q7 2MiBiv 2K#2//BM;bX

k S`QD2+i #Qi? ?2�/ �M/ i�BH 2MiBiB2b QMiQ i?2 ?vT2`TH�M2- iQQX
j JBMBKBx2 /Bbi�M+2 rBi? T`QD2+i2/ ?2�/ �M/ i�BH

7`(?, i) = ||?⊥ + /` − i⊥|| = ||(? − rh
` ?r`) + /` − (i − rh

` ir`)||.

9 Ai 2M�#H2b /Bz2`2Mi `QH2b Q7 �M 2MiBiv BM /Bz2`2Mi `2H�iBQMbfi`BTH2ibX
8 h?2 b+Q`2 Bb 2tT2+i2/ iQ #2 HQr2` 7Q` � ;QH/2M i`BTH2i �M/ ?B;?2` 7Q` �M

BM+Q``2+i i`BTH2iX
e h?2 KQ/2H T�`�K2i2`b �`2- �HH i?2 2MiBiB2bǶ 2K#2//BM;b- 2B

|1|
B=1- �HH i?2

`2H�iBQMb’?vT2`TH�M2b �M/ i`�MbH�iBQM p2+iQ`b- (r`, /`)
|_|
`=1X
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d h`�Mb> mb2b i?2 7QHHQrBM; K�`;BM@#�b2/ `�MFBM; HQbb,

L =
∑

(?,`,i)∈∆

∑

(?′,`′,i′)∈∆′
(?,`,i)

[7`(?, i) + γƐ7`(?′, i′)]+,

r?2`2 [t]+ = K�t(0, t)- ∆ Bb i?2 b2i Q7 TQbBiBp2 U;QH/2MV i`BTH2ib- ∆(?,`,i)
/2MQi2b i?2 b2i Q7 M2;�iBp2 i`BTH2ib +QMbi`m+i2/ #v +Q``mTiBM; (?, `, i)- γ Bb i?2
K�`;BM b2T�`�iBM; TQbBiBp2 �M/ M2;�iBp2 i`BTH2ibX

3 JQ`2 +QMbi`�BMib,
! ∀2 ∈ 1, ||2|| ≤ 1- ffb+�H2
! ∀` ∈ _,

|rh
` /`|

||/`||2 ≤ ε- ffQ`i?Q;QM�H
! ∀` ∈ _, ||r`||2 = 1- ffmMBi MQ`K�H p2+iQ`
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h`�MbH�iBQM�H .Bbi�M+2 JQ/2Hb AAA
6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_

图 9, h`�Mb1 �M/ 6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_

9w?2M q�M;- CB�Mr2M w?�M;- CB�MHBM 62M;- �M/ w?2M; *?2MX EMQrH2/;2 ;`�T? �M/ i2ti
DQBMiHv 2K#2//BM;X AM S`Q+22/BM;b Q7 i?2 kyR9 *QM72`2M+2 QM 1KTB`B+�H J2i?Q/b BM L�im`�H
G�M;m�;2 S`Q+2bbBM; U1JLGSV- T�;2b R8NR@ReyRX
?iiT,ffrrrX���BXQ`;fQ+bfBM/2tXT?Tf���Af���AR9fT�T2`f/QrMHQ�/f38jRf389e
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h`�MbH�iBQM�H .Bbi�M+2 JQ/2Hb A
6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_

h`�Mb_ 8

R AM h`�Mb_- 7Q` 2�+? i`BTH2 (?, `, i)- 2MiBiB2b 2K#2//BM;b �`2 b2i �b ?, i ∈ RF

�M/ `2H�iBQM 2K#2//BM; Bb b2i �b ` ∈ RX
k 6Q` 2�+? `2H�iBQM `- r2 b2i � T`QD2+iBQM K�i`Bt J` ∈ RF×/- r?B+? K�v

T`QD2+ib 2MiBiB2b 7`QK 2MiBiv bT�+2 iQ `2H�iBQM bT�+2X
j .2}M2 i?2 T`QD2+i2/ p2+iQ`b Q7 2MiBiB2b �b?` = ?J`- i` = iJ`X
9 h?2 b+Q`2 7mM+iBQM Bb +Q``2bTQM/BM;Hv /2}M2/ �b

7`(?, i) = ||?` + `Ɛi`||.

8 JQ`2 +QMbi`�BMib, ||?||2 ≤ 1, ||`||2 ≤ 1, ||i||2 ≤ 1, ||?J`||2 ≤ 1, ||iJ`||2 ≤ 1.
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图 8, 6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_

8GBM > - GBm u - q�M; q - 2i �HX G2�`MBM; 1MiBiv �M/ _2H�iBQM 1K#2//BM;b 7Q` EMQrH2/;2
_2bQHmiBQM(C)X S`Q+2/B� *QKTmi2` a+B2M+2- kyRd- Ry3,j98@j89X
?iiT,ffMHTX+b�BXibBM;?m�X2/mX+Mf�HvFfTm#HB+�iBQMbf���BkyR8ni`�Mb`XT/7
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a2K�MiB+ J�i+?BM; JQ/2Hb
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G

_1a*�G eX
_2H�iBQMb �`2 KQ/2H2/ �b i`BTH2b Q7 i?2 7Q`K Ubm#D2+i- T`2/B+�i2- Q#D2+iVX
� i2MbQ` 2Mi`v XBDF = 1 /2MQi2b i?2 7�+i i?�i i?2`2 2tBbib � `2H�iBQM UB@i? 2MiBiv-
F@i? T`2/B+�i2- D@i? 2MiBivVX

图 e, h2MbQ` KQ/2H 7Q` `2H�iBQM�H /�i�X 11, · · · ,1M /2MQi2 i?2 2MiBiB2b- r?BH2 _1, · · · ,_K
/2MQi2 i?2 `2H�iBQMb BM i?2 /QK�BMX

eJX LB+F2H- oX h`2bT- �M/ >X@SX E`B2;2H- “� i?`22@r�v KQ/2H 7Q` +QHH2+iBp2 H2�`MBM; QM
KmHiB@`2H�iBQM�H /�i�-”BM S`Q+X k3i? AMiX *QM7X J�+?X G2�`MX- kyRR- TTX 3yN–
3ReX?iiT,ffT/7bXb2K�MiB+b+?QH�`XQ`;fe3�jfj�j�7�+e82#e2y7#jdke+R7N+3#dkd7jk�9kXT/7CBM;#Q sB� U>w�lV "BQK2/B+�H h2ti JBMBM; �M/ EMQrH2/;2 .Bb+Qp2`v kyky@yk@Rd R3 f dj
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a2K�MiB+ J�i+?BM; JQ/2Hb
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G

JQ`2 T`2+Bb2Hv- i?2v 2KTHQv2/ i?2 7QHHQrBM; `�MF@` 7�+iQ`Bx�iBQM- r?2`2 2�+? bHB+2
XF Bb 7�+iQ`Bx2/ �b

XF ∼ �RF�h, 7Q` F = 1, · · · ,K. URV
>2`2- � = (�1, · · · ,�`) Bb � M × / K�i`Bt i?�i +QMi�BMb i?2 H�i2Mi@+QKTQM2Mi
`2T`2b2Mi�iBQM Q7 i?2 2MiBiB2b BM i?2 /QK�BMd �M/ _F Bb �M �bvKK2i`B+ /× / K�i`Bt
i?�i KQ/2Hb i?2 BMi2`�+iBQMb Q7 i?2 H�i2Mi +QKTQM2Mib BM i?2 F@i? T`2/B+�i2X

h?2 7�+iQ` K�i`B+2b � �M/ _F +�M #2 +QKTmi2/ #v bQHpBM; i?2 `2;mH�`Bx2/
KBMBKBx�iBQM T`Q#H2K,

KBM
�,_F

7(�,_F) + ;(�,_F)

r?2`2

7(�,_F) =
1

2
(
∑

F
||XF − �_F�h||26), ;(�,_F) =

1

2
λ(||�||26 +

∑

F
||_F||26).

dA ?�p2 bBKBH�` �M�HvbBb QM 7Q`KmH� URV H�i2`X
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a2K�MiB+ J�i+?BM; JQ/2Hb
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G

�M BKTQ`i�Mi �bT2+i Q7 _1a*�G 7Q` +QHH2+iBp2 H2�`MBM; �M/ r?�i /BbiBM;mBb?2b Bi
7`QK Qi?2` i2MbQ` 7�+iQ`Bx�iBQMb HBF2 *S Bb i?�i i?2 2MiBiB2b Q7 i?2 /QK�BM ?�p2 �
mMB[m2 H�i2Mi@+QKTQM2Mi `2T`2b2Mi�iBQM- `2;�`/H2bb Q7 i?2B` Q++m``2M+2 �b bm#D2+ib
Q` Q#D2+ib BM � `2H�iBQM- �b i?2v �`2 `2T`2b2Mi2/ #Qi? iBK2b #v i?2 K�i`Bt �X
h?2 2z2+i Q7 i?Bb KQ/2HBM; #2+QK2b KQ`2 �TT�`2Mi #v HQQFBM; �i i?2
2H2K2Mi@rBb2 7Q`KmH�iBQM Q7 i?2 2[m�iBQM- M�K2Hv

7(�,_F) =
1

2
(XBDF − �B_F�h

D )
2.

>2`2- �B �M/ �D /2MQi2 i?2 B@i? �M/ D@i? `Qr Q7 � �M/ i?mb �`2 i?2
H�i2Mi@+QKTM2Mi `2T`2b2Mi�iBQM Q7 i?2 B@i? �M/ D@i? 2MiBivX
"v ?QH/BM; �D �M/ _F }t2/- Bi Bb +H2�` i?�i i?2 H�i2Mi@+QKTQM2Mi `2T`2b2Mi�iBQM
�B /2T2M/b QM �D �b r2HH �b i?2 2tBbi2M+2 Q7 i?2 i`BTH2 UB@i? 2MiBiv- F@i? T`2/B+�i2-
D@i? 2MiBivV `2T`2b2Mi2/ #v XBDFX
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a2K�MiB+ J�i+?BM; JQ/2Hb
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G

h?2 H�i2Mi@+QKTQM2Mi `2T`2b2Mi�iBQMb Q7 �H �M/ GvM/QM rBHH #2 bBKBH�` iQ 2�+?
Qi?2` BM i?Bb 2t�KTH2- �b #Qi? `2T`2b2Mi�iBQMb `2~2+i i?�i i?2B` +Q``2bTQM/BM;
2MiBiB2b �`2 `2H�i2/ iQ i?2 Q#D2+i S�`ivsX "2+�mb2 Q7 i?Bb- "BHH �M/ CQ?M rBHH �HbQ
?�p2 bBKBH�` H�i2Mi@+QKTQM2Mi `2T`2b2Mi�iBQMbX *QMb2[m2MiHv- i?2 T`Q/m+i
�"BHH_T�`iv�h

S�`ivs rBHH vB2H/ � bBKBH�` p�Hm2 iQ �CQ?M_T�`iv�h
S�`ivs �M/ �b bm+?

i?2 KBbbBM; `2H�iBQM +�M #2 T`2/B+i2/ +Q``2+iHvX

图 d, oBbm�HBx�iBQM Q7 � bm#;`�T? Q7 i?2 `2H�iBQM�H ;`�T? 7Q` i?2 la T`2bB/2Mib 2t�KTH2X
h?2 `2H�iBQM K�`F2/ `2/ Bb mMFMQrMX
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a2K�MiB+ J�i+?BM; JQ/2Hb
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G

�M BMi2`2biBM; pB2r Q7 7Q`KmH� URV G2iǶb `2+�HH hm+F2` /2+QKTQbBiBQM, 6Q` �
j@r�v i2MbQ` X ∈ RA×C×E rBi? G ∈ RS×Z×_- � ∈ RA iBK2bS- " ∈ RC iBK2bZ-
* ∈ RA iBK2b_ �b 7QHHQrb,

KBM
X

||X − X̂ || rBi? X̂ =
∑S

T=1

∑Z
[=1

∑_
`=1 ;T[`�` " #` " +`

= G ×1 � ×2 " ×3 *
= [[G;�,",*]]

UkV

h?2 K�i`B+Bx2/ p2`bBQM Q7 i?2 �#Qp2 p2`bBQM Bb,
ˆX(1) = �:(1)(* ⊗ ")h,
ˆX(2) = ":(1)(* ⊗ �)h,
ˆX(3) = *:(1)(" ⊗ �)h.

UjV

LQi2, XF ∼ �RF�h U7Q`KmH� URVV +�M #2 `2;�`/2/ � `2bi`B+i2/ p2`bBQM Q7 hm+F2`
/2+QKTQbBiBQMX G2i X(M) = �:(M)(* ⊗ ")h #2 i?2 K�i`B+Bx2/ 7Q`K Q7 i?2 hm+F2`j
/2+QKTQbBiBQM Q7 X - i?2 7Q`KmH� URV- ?QH/b- r?2M i?2 7�+iQ`b " �M/ * �`2
+QMbi`�BM2/ iQ " = � �M/ * = AF- r?BH2 : Bb ?QH/BM; i?2 bHB+2b _F X
LQi2, AMi2`2biBM;Hv- Kv �M�HvbBb H2/ i?2 �#Qp2 i2MbQ` /2+QKTQbBiBQM iQ �
K�i`Bt@7Q`K Q7 *S /2+QKTQbBiBQM- �b b?QrM BM 7Q`KmH� U\\V BM i?2 bm#b2[m2Mi
T�;2X
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a2K�MiB+ J�i+?BM; JQ/2Hb A
6`QK _1a*�G iQ .BbiJmHi �M/ +QKTH1s

_2H�iBQM 2K#2//BM; Q7 _1a*�G
6Q` 2�bv +QKT�`BbQM Q7 _1a*�G- .BbiJmHi- �M/ +QKTH1s- QM2 /2}M2b i?2 b+Q`2 Q7
� 7�+i (?, `, i) BM _1a*�G #v � #BHBM2�` 7mM+iBQM

7`(?, i) = ?hR`i,

r?2`2 ?, i ∈ R/ �`2 p2+iQ` `2T`2b2Mi�iBQMb Q7 i?2 2MiBiB2b- �M/ R` ∈ R/×/ Bb �
K�i`Bt �bbQ+B�i2/ rBi? i?2 `2H�iBQMX

o�`B�Mi Q7 _1a*�G, .BbiJmHi 3

J2�Mr?BH2- .BbiJmHi bBKTHB}2b _1a*�G #v `2bi`B+iBM; R` iQ /B�;QM�H K�i`B+2bX
6Q` 2�+? `2H�iBQM `- Bi BMi`Q/m+2b � p2+iQ` 2K#2//BM; ` ∈ R/ �M/ `2[mB`2b
R` = /B�;(`)X h?2 b+Q`BM; 7mM+iBQM Bb ?2M+2 /2}M2/ �b

7`(?, i) = ?h/B�;(`)i
X
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a2K�MiB+ J�i+?BM; JQ/2Hb AA
6`QK _1a*�G iQ .BbiJmHi �M/ +QKTH1s

o�`B�Mi Q7 _1a*�G, *QKTH1t N

JQ`2Qp2`- *QKTH1t 2ti2M/b .BbiJmHi #v BMi`Q/m+BM; +QKTH2t@p�Hm2/ 2K#2//BM;b
bQ �b iQ #2ii2` KQ/2H �bvKK2i`B+ `2H�iBQMbX AM *QKTH1t- 2MiBiv �M/ `2H�iBQM
2K#2//BM;b ?, `, i MQ HQM;2` HB2 BM � `2�H bT�+2 #mi � +QKTH2t bT�+2- b�v C/X h?2
b+Q`2 Q7 � 7�+i (?, `, i) Bb /2}M2/ �b

7`(?, i) = _2(?h/B�;(`)ī),

r?2`2 ī Bb i?2 +QMDm;�i2 Q7 i �M/ _2(·) K2�Mb i�FBM; i?2 `2�H T�`i Q7 � +QKTH2t
p�Hm2X

3u�M;- "X- uB?- qXiX- >2- sX- :�Q- CX- �M/ .2M;- GX, 1K#2//BM; 2MiBiB2b �M/ `2H�iBQMb 7Q`
H2�`MBM; �M/ BM72`2M+2 BM FMQrH2/;2 #�b2bX �`sBp T`2T`BMi �`sBp,R9RkXe8d8 UkyR9V

Nh`QmBHHQM-hX-q2H#H-CX-_B2/2H-aX-:�mbbB2`-1 �X-�M/"Qm+?�`/-:X,*QKTH2 t2K#2//BM;b 7Q` bBKTH2
HBMF T`2/B+iBQMX A*JGX TTX kydR@ky3y UkyReV-
?iiT,ffrrrXDKH`XQ`;fT`Q+22/BM;bfT�T2`bfp93fi`QmBHHQMReXT/7
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h`BTH2 �M/ FMQrH2/;2 ;`�T? UE:V 9
Pp2`pB2r 8

k h`�MbH�iBQM�H .Bbi�M+2 JQ/2Hb N
h`�Mb1 Ry
6`QK h`�Mb1 iQ h`�Mb> �M/ h`�Mb_ Rk

j a2K�MiB+ J�i+?BM; JQ/2Hb Rd
h2MbQ` /2+QKTQbBiBQM U张量分解V �M/ _1a*�G R3
6`QK _1a*�G iQ .BbiJmHi �M/ +QKTH1s kj

9 L2m`�H L2irQ`F QM :`�T?b k8
6`QK *LL- :`�T? 2K#2//BM; iQ :LL ke
"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压缩映射V i?2Q`2K kN
:LL jj
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` U拉普拉斯算子V iQ 6Qm`B2`
i`�Mb7Q`K U傅立叶变换V 9y
:*L �M/ +Hmbi2`@:*L e3
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L2m`�H L2irQ`F QM :`�T?b A
6`QK *LL- :`�T? 2K#2//BM; iQ :LL

:`�T? M2m`�H M2irQ`Fb U:LLbV Ry �`2 +QMM2+iBQMBbi KQ/2Hb i?�i +�Tim`2 i?2
/2T2M/2M+2 Q7 ;`�T?b pB� K2bb�;2 T�bbBM; #2ir22M i?2 MQ/2b Q7 ;`�T?bX lMHBF2
bi�M/�`/ M2m`�H M2irQ`Fb- ;`�T? M2m`�H M2irQ`Fb `2i�BM � bi�i2 i?�i +�M `2T`2b2Mi
BM7Q`K�iBQM 7`QK Bib M2B;?#Q`?QQ/ rBi? �`#Bi`�`v /2Ti?X
hvTB+�H :LL K2i?Q/b, *?2#L2i- :*L- .*LL- :`�T?a�:1- :�h- ::LL- h`22
GahJX

R q?v :`�T?\ :`�T?b +�M #2 mb2/ �b /2MQi�iBQM Q7 � H�`;2 MmK#2` Q7
bvbi2Kb �+`Qbb p�`BQmb �`2�b BM+Hm/BM; bQ+B�H b+B2M+2 UbQ+B�H M2irQ`FbV-
M�im`�H b+B2M+2 UT?vbB+�H bvbi2Kb �M/ T`Qi2BM@T`Qi2BM BMi2`�+iBQM M2irQ`FbV-
FMQrH2/;2 ;`�T?b �M/ K�Mv Qi?2` `2b2�`+? �`2�bX

k q?�i 7Q`\ LQ/2 +H�bbB}+�iBQM- HBMF T`2/B+iBQM- �M/ +Hmbi2`BM;
j ai�`i2/ 7`QK *LL h?2 }`bi KQiBp�iBQM Q7 :LLb `QQib BM +QMpQHmiBQM�H

M2m`�H M2irQ`Fb U*LLbVX
! h?2 F2vb Q7 *LLb, HQ+�H +QMM2+iBQM- b?�`2/ r2B;?ib �M/ i?2 mb2 Q7 KmHiB@H�v2`X
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L2m`�H L2irQ`F QM :`�T?b AA
6`QK *LL- :`�T? 2K#2//BM; iQ :LL

! >Qr2p2`- *LLb +�M QMHv QT2`�i2 QM `2;mH�` 1m+HB/2�M /�i� HBF2 BK�;2b Uk.
;`B/V �M/ i2ti UR. b2[m2M+2V r?BH2 i?2b2 /�i� bi`m+im`2b +�M #2 `2;�`/2/ �b
BMbi�M+2b Q7 ;`�T?bX

图 3, AK�;2 BM 1m+HB/2�M bT�+2- �M/ ;`�T? BM MQM@1m+HB/2�M bT�+2

! L2Bi?2` *LLb MQ` _LLb ?�M/H2b i?2 ;`�T? BMTmi T`QT2`Hv �b Bi bi�+Fb i?2
72�im`2 Q7 MQ/2b #v � bT2+B}+ Q`/2`X >Qr2p2`- i?2`2 Bb MQi � M�im`�H Q`/2` Q7
MQ/2b BM i?2 ;`�T?X

9 *QK#BM/2/ rBi? ;`�T? 2K#2//BM;- r?B+? H2�`Mb iQ `2T`2b2Mi ;`�T? MQ/2b-
2/;2b Q` bm#;`�T?b BM HQr@/BK2MbBQM�H p2+iQ`bX
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L2m`�H L2irQ`F QM :`�T?b AAA
6`QK *LL- :`�T? 2K#2//BM; iQ :LL

! AM i?2 }2H/ Q7 ;`�T? �M�HvbBb- i`�/BiBQM�H K�+?BM2 H2�`MBM; �TT`Q�+?2b mbm�HHv
`2Hv QM ?�M/ 2M;BM22`2/ 72�im`2b �M/ �`2 HBKBi2/ #v Bib BM~2tB#BHBiv �M/ ?B;? +QbiX

! 6QHHQrBM; i?2 B/2� Q7 `2T`2b2Mi�iBQM H2�`MBM; �M/ i?2 bm++2bb Q7 rQ`/
2K#2//BM;- .22Tq�HF- r?B+? Bb `2;�`/2/ �b i?2 }`bi ;`�T? 2K#2//BM; K2i?Q/-
�TTHB2b aFBT:`�K KQ/2H QM i?2 ;2M2`�i2/ `�M/QK r�HFbX

! JQ`2 T`Q;`2bb, MQ/2kp2+- GAL1- h�.qX
! .`�r#�+FbX 6B`bi- MQ T�`�K2i2`b �`2 b?�`2/ #2ir22M MQ/2b BM i?2 2M+Q/2`c

a2+QM/- i?2 /B`2+i 2K#2//BM; K2i?Q/b H�+F i?2 �#BHBiv Q7 ;2M2`�HBx�iBQM- +�MMQi
/2�H rBi? /vM�KB+ ;`�T?b Q` ;2M2`�HBx2 iQ M2r ;`�T?bX

8 >2`2 +QK2b :LLX "�b2/ QM *LLb �M/ ;`�T? 2K#2//BM;- ;`�T? M2m`�H
M2irQ`Fb U:LLbV �`2 T`QTQb2/ iQ
! +QHH2+iBp2Hv �;;`2;�i2 BM7Q`K�iBQM 7`QK ;`�T? bi`m+im`2X
! KQ/2H BMTmi �M/fQ` QmiTmi +QMbBbiBM; Q7 2H2K2Mib �M/ i?2B` /2T2M/2M+vX
! bBKmHi�M2QmbHv KQ/2H i?2 /BzmbBQM T`Q+2bb QM i?2 ;`�T? rBi? i?2 _LL F2`M2HX

Ryw?Qm- CB2 - 2i �HX Ǵ:`�T? L2m`�H L2irQ`Fb, � _2pB2r Q7 J2i?Q/b �M/ �TTHB+�iBQMbXǴ UkyR3VX
?iiTb,ff�`tBpXQ`;f�#bfR3RkXy39j9
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"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压
缩映射V i?2Q`2K A

定理 U"�M�+? }t2/ TQBMi i?2Q`2K @"�M�+? 不动点理论V V
G2i K #2 � +QKTH2i2 K2i`B+ bT�+2 BM r?B+? i?2 /Bbi�M+2 #2ir22M irQ TQBMib S �M/
Z Bb /2MQi2/ /(S,Z)X
�M/ H2i 6 : K −→ K #2 � +QMi`�+iBQM K�T U压缩映射V- BX2X- i?2`2 2tBbib + ∈ (0, 1)
bm+? i?�i 7Q` �HH S,Z ∈ K- i?2M /(6(S),6(Z)) ≤ + · /(S,Z)X

h?2M 6 ?�b � mMB[m2 }t2/ TQBMi- BX2X i?2`2 2tBbib � mMB[m2 t ∈ K bm+? i?�i

6(t) = t.

AM b?Q`i-
“从完备度量空间 (K, /)到自身的压缩映射有唯一的不动点。”

_272`b iQ ?2`2 RRX
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"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压
缩映射V i?2Q`2K AA

图 N, .2b+`BTiBQM Q7 +QMi`�+i K�T U压缩映射V

1tX
�bbmK2 � = (�B,D)M×M- t = (t1, t2, · · · , tM)h ∈ RM- v = (v1, v2, · · · , vM)h ∈ RMX
6Q` 2�+? B (1 ≤ B ≤ M)- K�i`Bt � b�iBb}2b

M∑
B,D=1

|�B,D| < 1- i?2M HBM2�` 2[m�iBQM

bvbi2K �t + # = t ?�b �M mMB[m2 bQHmiBQMX
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"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压
缩映射V i?2Q`2K AAA

1tX
�bbmK2 � = (�B,D)M×M- t = (t1, t2, · · · , tM)h ∈ RM- v = (v1, v2, · · · , vM)h ∈ RMX
6Q` 2�+? B (1 ≤ B ≤ M)- K�i`Bt � b�iBb}2b

M∑
B,D=1

|�B,D| < 1- i?2M HBM2�` 2[m�iBQM

bvbi2K �t + # = t ?�b �M mMB[m2 bQHmiBQMX

aQHmiBQM, .2}M2 /Bbi�M+2

/(t, v) = K�t
1≤B≤M

{|tB − vB|}.

Ai Bb 2�bv iQ T`Qp2 RM, / Bb � K2i`B+ bT�+2X aQ r2 /2}M2 � K�T h-

h(t) = �t + #.
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"�M�+? }t2/ TQBMi U不动点V i?2Q`2Kf +QMi`�+i K�T U压
缩映射V i?2Q`2K Ao
h?2M- r2 FMQr

/(h(t),h(v)) = K�t
1≤B≤M

{|
M∑

D=1
�BD(tD − vD)|}

≤ K�t
1≤B≤M

{
M∑

D=1
|�BD|} · K�t

1≤D≤M
{|(tD − vD)|}

= + · /(t, v),

?2`2 + = K�t
1≤B≤M

{|(tD − vD)|} ≤ 1X
aQ- 7`QK "�M�+? }t2/ TQBMi i?2Q`2K- r2 FMQr i?�i i?2 bvbi2K ?�b � mMB[m2
bQHmiBQMX

RR?iiT,ff/KmrXxmKX/2fBK�;2bf#f#/f"�M�+?kXT/7
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L2m`�H L2irQ`F QM :`�T?b A
:LL

:LL Bb }`bi T`QTQb2/ BM i?2 T�T2` #v 6X a+�`b2HHB 2i �HXRk

R :LLb T`QT�;�i2 QM 2�+? MQ/2 p `2bT2+iBp2Hv- B;MQ`BM; i?2 BMTmi Q`/2`X
k h?2 QmiTmi Q7 :LLb Bb BMp�`B�Mi 7Q` i?2 BMTmi Q`/2` Q7 MQ/2bX
j AM � ;`�T?- 2�+? MQ/2 Bb M�im`�HHv /2}M2/ #v Bib 72�im`2b tp �M/ i?2 `2H�i2/

MQ/2bX h?2 i�`;2i Q7 :LL Bb iQ H2�`M � bi�i2 2K#2//BM; ?p ∈ Rb r?B+?
+QMi�BMb i?2 BM7Q`K�iBQM Q7 M2B;?#Q`?QQ/ 7Q` 2�+? MQ/2 p555

9 h?2 bi�i2 2K#2//BM; ?p Bb �M b@/BK2MbBQM p2+iQ` Q7 MQ/2 p �M/ +�M #2 mb2/
iQ T`Q/m+2 �M QmiTmi Qp bm+? �b i?2 MQ/2 H�#2HX

8 LQi�iBQMb,
! >- �HH i?2 bi�i2 2K#2//BM;b-
! P- �HH i?2 QmiTmi 2K#2//BM;b-
! s- �HH i?2 72�im`2bX
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L2m`�H L2irQ`F QM :`�T?b AA
:LL

e 7- HQ+�H i`�MbBiBQM 7mM+iBQM- Bb b?�`2/ �KQM; �HH MQ/2b �M/ mT/�i2b i?2 MQ/2
bi�i2 > �++Q`/BM; iQ i?2 BMTmi M2B;?#Q`?QQ/ M2[p]X

?p = 7(tp,t+Q[p],?M2[p],tM2[p]),

?2`2
! tp- 72�im`2b Q7 pc
! t+Q[p]- i?2 72�im`2b Q7 pǶb 2/;2bc
! ?M2[p]- i?2 bi�i2b Q7 i?2 MQ/2b BM i?2 M2B;?#Q`?QQ/ Q7 pc
! tM2[p]- i?2 72�im`2b Q7 i?2 MQ/2b BM i?2 M2B;?#Q`?QQ/ Q7 pX
7 Bb H2�`M2/ 7`QK � M2m`�H M2irQ`FX
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L2m`�H L2irQ`F QM :`�T?b AAA
:LL

图 Ry, ?p 2K#2//BM; 2t�KTH2 BM :LL

h?2 };m`2 Rj r2HH /2TB+ib �M 2t�KTH2 Q7 7X
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L2m`�H L2irQ`F QM :`�T?b Ao
:LL

d �+im�HHv- 7 Bb H2�`M2/ #v � 622/@7Q`r�`/ L2m`�H L2irQ`F U6LLVX aQ- B7 r2
K�F2 6LL � +QMi`�+i K�T- r2 +�M ?�p2 � mMB[m2 bQHmiBQM #v,

?i+1
p = 7(tp,t+Q[p],?i

M2[p],tM2[p]) =
∑

m∈M2(p)
6LL([tp;t(m,p);?i

m;tm]). U9V

3 >Qr iQ H2i 6LL #2 +QMi`�+i K�T\
SH2�b2 +QMbB/2` i?�i B7 ||6(t)− 6(v)|| ≤ + · ||t − v||- 0 ≤ + < 1- i?2M
||6(t)−6(v)||

||t−v|| ≤ +X aQ- ||6(t)−6(t−∆t)||
||∆t|| ≤ +- Bi bm{2b iQ FMQr ||6′(t) ≤ +||X "v

`2p2`bBM; i?2 B/2�- :LL b2i mT i?2 7QHHQrBM; HQbb 7mM+iBQM,

J = GQbb + λ · K�t( ||∂6LL||
||∂?|| − +, 0)

= GQbb + λ · _1Gl( ||∂6LL||
||∂?|| − +)

r?2`2 + ∈ (0, 1) �M/ λ Bb ?vT2` T�`�K2i2`X
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L2m`�H L2irQ`F QM :`�T?b o
:LL

N .2}M2 GQbb5 lb2 bQK2 /QrMbi`2�K 2p�Hm�iBQM rBi? QmiTmi QpX

GQbb =
T∑

B=1

(iB − QB),

r?2`2 T Bb i?2 MmK#2` Q7 bmT2`pBb2/ MQ/2b- ip Bb i?2 i�`;2i BM7`QK�iBQM 7Q`
i?2 bmT2`pBbBQMX

Ry >Qr iQ Q#i�BM Qp rBi? � ;- r?B+? Bb �HbQ BKTH2K2Mi2/ rBi? � 6LLX
G2i ; #2 i?2 HQ+�H QmiTmi 7mM+iBQM i?�i /2b+`B#2b ?Qr i?2 QmiTmi Bb T`Q/m+2/X

Qp = ;(?p,tp).

RR LQi2 i?�i i?2 +QKTmi�iBQMb /2b+`B#2/ BM 7 �M/ ; +�M #2 BMi2`T`2i2/ �b i?2
722/7Q`r�`/ M2m`�H M2irQ`FbX
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L2m`�H L2irQ`F QM :`�T?b oA
:LL

Rk *QKT�+i 7Q`K �b,
> = 6(>,s),

P = :(>,sL),
U8V

r?2`2 6- i?2 ;HQ#�H i`�MbBiBQM 7mM+iBQM- �M/ :- i?2 ;HQ#�H QmiTmi 7mM+iBQM �`2
bi�+F2/ p2`bBQMb Q7 7 �M/ ; 7Q` �HH MQ/2b BM � ;`�T?X

Rj Ai2`�iBQM b+?2K2,
>i+1 = 6(>i,s).

h?2 bi�i2b ?i
p �`2 Bi2`�iBp2Hv mT/�i2/ #v 1[X U9V mMiBH � iBK2 hX h?2v

�TT`Q�+? i?2 }t2/ TQBMi bQHmiBQM Q7 1[X U8V, >(h) ≈ >X
R9 �M/ }M�HHv ?2`2 +QK2b mT rBi? i?2 bi`m+im`2 Q7 :LL,
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L2m`�H L2irQ`F QM :`�T?b oAA
:LL

图 RR, ai`m+im`2 Q7 :LL

i = h0,h1, · · · ,hM Bb 7Q` Bi2`�iBQMX

Rk6X a+�`b2HHB- JX :Q`B- �X *X hbQB- JX >�;2M#m+?M2`- �M/ :X JQM7�`/BMB- “h?2 ;`�T? M2m`�H
M2irQ`F KQ/2H-”A111 hLL kyyN- pQHX ky- MQX R- TTX eR–3y- kyyNX
?iiT,ffT2`b�;2MX+QKf7BH2bfKBb+fb+�`b2HHBkyyN;`�T?XT/7

Rj?iiTb,ffx?m�MH�MXx?B?mX+QKfTfRy3kN9938
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L2m`�H L2irQ`F QM :`�T?b AAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

.2}MBiBQM Q7 G�TH�+B�M K�i`Bt R9,
:Bp2M � bBKTH2 ;`�T? : rBi? M p2`iB+2b- Bib G�TH�+B�M K�i`Bt GM×M Bb /2}M2/ �b R8,

G = . − �, UeV

r?2`2 . Bb i?2 /2;`22 K�i`Bt Re �M/ � Bb i?2 �/D�+2M+v K�i`Bt Rd Q7 :X

图 Rk, G�TH�+B�M K�i`Bt
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L2m`�H L2irQ`F QM :`�T?b Ao
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

�bbmK2 7 = (71, 72, · · · , 7M)h Bb � `2T`2b2Mi�iBQM Q7 i?2 72�im`2b Q7 i?2 MQ/2b BM
;`�T?X q2 ?�p2 i?2 7QHHQrBM; `2bmHi,

定理 UV
∀7 ∈ RM- r2 ?�p2

7hG7 = 1

2

M∑

B,D=1

�BD(7B − 7D)2.

S`QQ7,
7hG7 = 7h.7 − 7h�7

=
M∑

B=1
/BB72B −

M∑
B,D=1

�BB7B7D

= 1
2 (

M∑
B=1

/BB72B − 2
M∑

B,D=1
�BB7B7D +

M∑
B=1

/BB72B )

= 1
2

M∑
B,D=1

�BD(7B − 7D)2.
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L2m`�H L2irQ`F QM :`�T?b o
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

avKK2i`B+ MQ`K�HBx2/ G�TH�+B�M U对称正规拉普拉斯矩阵V
h?2 bvKK2i`B+ MQ`K�HBx2/ G�TH�+B�M K�i`Bt Bb /2}M2/ �b,

GbvK = .− 1
2 G.− 1

2 . UdV

定理 ULQ`K�HBx2/ G�TH�+B�M K�i`Bt `2bmHiV
h?2 2H2K2Mib Q7 GbvK �`2 ;Bp2M #v

GbvK
B,D =

⎧
⎪⎪⎨

⎪⎪⎩

1 B7 B = D �M/ /2;(pB) ̸= 0

− 1√
/2;(pB) /2;(pD)

B7 B ̸= D �M/ pB Bb �/D�+2Mi iQ pD

0 Qi?2`rBb2.

LQi2, SH2�b2 +QKTmi2 i?2 GbvK Q7 i?2 ;`�T? BM };m`2 RkX
lM/2`bi�M/ ?Qr i?2 MQ`K�HBx�iBQM Q7 i?2 G�TH�+B�M K�i`Bt HQQF HBF2X
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L2m`�H L2irQ`F QM :`�T?b oA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

SH2�b2 �HbQ MQi2 i?�i r2 ?�p2 �MQi?2` T`2b2Mi�iBQM Q7 i?Bb `2bmHi,

定理

GbvK = AL − .− 1
2 �.− 1

2 .

>2`2- AL ∈ RM Bb i?2 B/2MiBiv K�i`BtX
aBM+2 i?2 /2;`22 K�i`Bt . Bb � /B�;QM�H K�i`Bt rBi? TQbBiBp2 /B�;QM�H 2H2K2Mib-
i?2 �#Qp2 `2bmHi Bb bi`�B;?i7Q`r�`/ iQ Q#i�BMX
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L2m`�H L2irQ`F QM :`�T?b oAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

aT2+i`�H /2+QKTQbBiBQM Q7 G�TH�+B�M K�i`BtX

定理

G = l

⎛

⎜⎝
λ1

X X X
λM

⎞

⎟⎠l−1, Q`- G = l

⎛

⎜⎝
λ1

X X X
λM

⎞

⎟⎠lh,

r?2`2 l = (m1, m2, · · · , mM)- mB Bb i?2 2B;2Mp2+iQ` Q7 GX

h�FBM; BMiQ �++QmMi i?2 a+?KB/i Q`i?Q;QM�H /B�;QM�HBx�iBQM Q7 i?2 bvKK2i`B+ `2�H
K�i`Bt G- i?Bb `2bmHi Bb bi`�B;?i7Qr�`/X
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L2m`�H L2irQ`F QM :`�T?b oAAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

:`�/B2Mi ∇- /Bp2`;2M+2 ∇· �M/ G�TH�+B�M QT2`�iQ` ∆
>2`2 Bb i?2 /2}MBiBQM Q7 ;`�/B2Mi- /Bp2`;2M+2- �M/ G�TH�+B�M QT2`�iQ` /2}M2/ QM
i?2 j. 1m+HB/2�M bT�+2 R3X SH2�b2 MQi2 i?�i i?Bb /2}MBiBQM Bb bm`2Hv ;2M2`�HBx2/
iQ � 1m+HB/2�M bT�+2 RM rBi? �`#Bi`�`v MXXX

URV :`�/B2Mi U梯度V, ∇7 = ∂7
∂t B + ∂7

∂v D + ∂7
∂x F =

⎛

⎜⎝

∂7
∂t
∂7
∂v
∂7
∂x

⎞

⎟⎠ .

UkV .Bp2`;2M+2 U散度V, ∇ · 6 = ∂6t
∂t + ∂6v

∂v + ∂6x
∂x

UjV G�TH�+B�M QT2`�iQ`, ∆7 = ∇27 = ∇ ·∇7 = /Bp(;`�/7).

U3V

h?2b2 �`2 p2`v BKTQ`i�Mi i?BM;b iQ K2MiBQM5
R :`�/B2Mi U∇V rQ`Fb QM � KmHiB p�`B�i2 7mM+iBQM- �M/ Q#i�BMb � p2+iQ`X
k .Bp2`;2M+2 U∇·V rQ`Fb QM � p2+iQ`- �M/ Q#i�BM � `2�H p�Hm2X
j G�TH�+B�M QT2`�iQ` U∆V Bb i?2 .Bp2`;2M+2 Q7 :`�/B2Mi 555
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L2m`�H L2irQ`F QM :`�T?b As
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

AM K�i?2K�iB+b- i?2 ;`�/B2Mi Bb � KmHiB@p�`B�#H2 ;2M2`�HBx�iBQM Q7 i?2 /2`Bp�iBp2X
q?BH2 � /2`Bp�iBp2 +�M #2 /2}M2/ QM 7mM+iBQMb Q7 � bBM;H2 p�`B�#H2- 7Q` 7mM+iBQMb Q7
b2p2`�H p�`B�#H2b- i?2 ;`�/B2Mi i�F2b Bib TH�+2X h?2 ;`�/B2Mi Bb � p2+iQ`@p�Hm2/
7mM+iBQM- �b QTTQb2/ iQ � /2`Bp�iBp2- r?B+? Bb b+�H�`@p�Hm2/X

*QMbB/2` � `QQK BM r?B+? i?2 i2KT2`�im`2 Bb ;Bp2M #v � b+�H�` }2H/- h- bQ �i 2�+?
TQBMi (t, v, x) i?2 i2KT2`�im`2 Bb h(t, v, x)X U�bbmK2 i?�i i?2 i2KT2`�im`2 /Q2b
MQi +?�M;2 Qp2` iBK2XV �i 2�+? TQBMi BM i?2 `QQK- i?2 ;`�/B2Mi Q7 h �i i?�i TQBMi
rBHH b?Qr i?2 /B`2+iBQM BM r?B+? i?2 i2KT2`�im`2 `Bb2b KQbi [mB+FHvX h?2
K�;MBim/2 Q7 i?2 ;`�/B2Mi rBHH /2i2`KBM2 ?Qr 7�bi i?2 i2KT2`�im`2 `Bb2b BM i?�i
/B`2+iBQMX
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L2m`�H L2irQ`F QM :`�T?b s
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

图 Rj, :`�/B2Mi Q7 i?2 k. 7mM+iBQM 7(t, v) = t2(t2+v2) Bb THQii2/ �b #Hm2 �``Qrb Qp2` i?2
Tb2m/Q+QHQ` THQi Q7 i?2 7mM+iBQMX
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L2m`�H L2irQ`F QM :`�T?b sA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

*QMbB/2` � bm`7�+2 r?Qb2 ?2B;?i �#Qp2 b2� H2p2H �i TQBMi (t, v) Bb >(t, v)X h?2
;`�/B2Mi Q7 > �i � TQBMi Bb � p2+iQ` TQBMiBM; BM i?2 /B`2+iBQM Q7 i?2 bi22T2bi bHQT2
Q` ;`�/2 �i i?�i TQBMiX h?2 bi22TM2bb Q7 i?2 bHQT2 �i i?�i TQBMi Bb ;Bp2M #v i?2
K�;MBim/2 Q7 i?2 ;`�/B2Mi p2+iQ`X

图 R9, h?2 ;`�/B2Mi Q7 i?2 7mM+iBQM 7(t, v) =?(+Qb2 t + +Qb2 v)2 /2TB+i2/ �b � T`QD2+i2/
p2+iQ` }2H/ QM i?2 #QiiQK TH�M2X

CBM;#Q sB� U>w�lV "BQK2/B+�H h2ti JBMBM; �M/ EMQrH2/;2 .Bb+Qp2`v kyky@yk@Rd 8y f dj
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

L2m`�H L2irQ`F QM :`�T?b sAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

AM i?2 i?`22@/BK2MbBQM�H *�`i2bB�M +QQ`/BM�i2 bvbi2K rBi? � 1m+HB/2�M K2i`B+- i?2
;`�/B2Mi- B7 Bi 2tBbib- Bb ;Bp2M #v,

∇7 = ∂7
∂t B + ∂7

∂v D + ∂7
∂xF =

⎛

⎜⎝

∂7
∂t
∂7
∂v
∂7
∂x

⎞

⎟⎠ .

6Q` 2t�KTH2- i?2 ;`�/B2Mi Q7 i?2 7mM+iBQM 7(t, v, x) = 2t + 3v2 − bBM(x) Bb

∇7 = 2B + 6vD − +Qb(x)F =

⎛

⎝
2
6v

− +Qb(x)

⎞

⎠ .

�M/ ;2M2`�HHv- 7Q` � t ∈ RM �M/ � KmHiB@p�`B�Mi 7mM+iBQM 7(t)-

∇7(t) = (
∂7
∂t1

,
∂7
∂t2

, · · · , ∂7
∂tM

)h.
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L2m`�H L2irQ`F QM :`�T?b sAAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

.Bp2`;2M+2 Q7 � p2+iQ` }2H/ U矢量场f向量场V Bb i?2 K2�bm`2 Q7 ǴPmi;QBM;M2bbǴ Q7
i?2 }2H/ �i � ;Bp2M TQBMi R3X

∇ · 1 = HBK
∆p→0

∮
b

1/b

∆p UNV

LQi2, .Bp2`;2M+2 /2}M2/ BM 2[m�iBQM U3V Bb � bBKTH2 7Q`K Q7 2[m�iBQM UNV QM
*�`i2bB�M bT�+2X

>Qr iQ mM/2`bi�M/BM; /Bp2`;2M+2 RN\
6Q` � #�bB+ mM/2`bi�M/BM; Q7 /Bp2`;2M+2- BiǶb 2MQm;? iQ b22 i?�i B7 � ~mB/ Bb
2tT�M/BM; UBX2X- i?2 ~Qr ?�b TQbBiBp2 /Bp2`;2M+2 2p2`vr?2`2 BMbB/2 i?2 bT?2`2V- i?2
M2i ~Qr Qmi Q7 � bT?2`2 rBHH #2 TQbBiBp2X
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L2m`�H L2irQ`F QM :`�T?b sAo
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

h�F2 �M 2t�KTH2 BM R2- i?2 /Bp2`;2M+2 Q7 � p2+iQ` }2H/ Bb `2H�iBp2Hv 2�bv iQ
mM/2`bi�M/ BMimBiBp2HvX AK�;BM2 i?�i i?2 p2+iQ` }2H/ 6 TB+im`2/ #2HQr ;Bp2b i?2
p2HQ+Biv Q7 bQK2 ~mB/ ~QrX Ai �TT2�`b i?�i i?2 ~mB/ Bb 2tTHQ/BM; Qmir�`/ 7`QK i?2
Q`B;BMX

图 R8, �M 2t�KTH2 Q7 p2+iQ` }2H/ 2tTHQbBQMX
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L2m`�H L2irQ`F QM :`�T?b so
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

"�b2/ QM i?2 �#Qp2 BHHmbi`�iBQM- QM2 +�M b22 i?�i G�TH�+2 PT2`�iQ` Bb � k@Q`/2`
QT2`�iQ` rQ`FBM; QM M@/BK2MbBQM�H 1m+HB/2�M bT�+2X
� bBKTH2 /2}MBiBQM Q7 ∆7 Q` ∆ BM j. bT�+2 R3 Bb,

∆7 = ∂27
∂t2 +

∂27
∂v2 +

∂27
∂x2 ,

Q`
∆ =

∂2

∂t2 +
∂2

∂v2 +
∂2

∂x2 .

6m`i?2`KQ`2- Bib ;2M2`�iBp2 7Q`K BM RM Bb,

∆ =
∑

B

∂2

∂t2B
,

r?2`2 7 = 7(t1, t2, · · · , tM) Bb � RM → R KmHiB p�`B�i2 7mM+iBQM X
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L2m`�H L2irQ`F QM :`�T?b soA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

.Bb+`2iBQM Q7 /Bz2`2MiB�H QT2`�iQ` �M/ G�TH�+B�M QT2`�iQ`,
6Q` 7(t, v)- QM2 K�v �TT`QtBK�i2 /Bz2`2MiB�H QT2`�iQ` pB�,

∂7
∂t = 7′t(t, v) ≈ 7(t + 1, v)− 7(t, v),

�M/

∂27
∂t2 = 7′′(t)

≈ 7′(t, v)− 7′(t − 1, v)
= 7(t + 1, v) + 7(t − 1, v)− 27(t, v)

.

aBKBH�`Hv- QM2 Q#b2`p2 i?2 G�TH�+B�M QT2`�iQ` QM 7 BM � /Bb+`2i2 7Q`K �b,
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L2m`�H L2irQ`F QM :`�T?b soAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

∆7 = ∂27
∂t2 + ∂27

∂v2

≈ 7(t + 1, v) + 7(t − 1, v)− 27(t, v) + 7(t, v + 1) + 7(t, v − 1)− 27(t, v)
= 7(t + 1, v) + 7(t − 1, v) + 7(t, v + 1) + 7(t, v − 1)− 47(t, v)

URyV

Ai Bb BMimBiBp2 iQ 2tTH�BM ∆7 BM i?2 K�MM2` Q7 /Bp2`;2M+2X
R A7 ∆7 = 0- Bi Bb `Qm;?Hv b�v i?�i i?2 p2+iQ` TQi2MiB�H U势V Q7 TQBMi

(t, v, 7(t, v)) 2[m�Hb iQ i?2 bmK Q7 i?2 Qi?2` 7Qm` (t + 1, v, 7(t + 1, v))-
(t − 1, v7(t − 1, v)- (t, v + 1, 7(t, v + 1) �M/ (t, v − 1, 7(t, v − 1)X aQ i?2`2 Bb
MQ TQi2MiB�H /Bz2`2M+2 BM i?2 HQ+�H �`2� Q7 7(t, v)

k A7 ∆7 > 0- Bi Bb `Qm;?Hv iQ b�v i?�i i?2 TQi2MiB�H Q7 i?2 +2Mi2` TQBMi
(t, v, 7(t, v)) Bb HQr2` i?�M i?2 M2B;?#Q`?QQ/X

j aBKBH�`Hv BM i?2 +�b2 Q7 ∆7 < 0X
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L2m`�H L2irQ`F QM :`�T?b soAAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

1tT�MbBQM Q7 G�TH�+B�M QT2`�iQ` iQ � ;`�T? ěG�TH�+B�M K�i`Bt
�bbmK2 i?2`2 Bb � ;`�T? : rBi? L MQ/2b- bQ i?2 �#Qp2 7mM+iBQM 7 Bb MQi
irQ@/BK2MbBQM�H #mi L：

7 = (71, 72, ..., 7M),

7B Bb i?2 72�im`2 p�Hm2 BM i?2 B@i? MQ/2X 6Q` 2t�KTH2- 7 BM };m`2 Rk 2[m�Hb iQ
(2, 3, 2, 3, 3, 1)X
JQiBp�i2/ #v 2[m�iBQM URyV- QM2 /2}M2b i?2 G�TH�+B�M QT2`�iQ` ∆ iQ ;`�T? : #v

∆7B =
∑

D∈L1B

(7B − 7D), URRV

r?2`2 L1B Bb i?2 BM/2t b2i 7Q` �HH MQ/2b BM i?2 M2B;?#Q`?QQ/ Q7 MQ/2 pBX
aBM+2 �BD = 0 B7 MQ/2 pB Bb MQi �/D�+2Mi rBi? MQ/2 pD- QM2 ?�p2
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L2m`�H L2irQ`F QM :`�T?b sAs
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

∆7B = /B7B −
L∑

D=1

�BD7D, URkV

r?2`2 /B = O{L1B} Bb i?2 /2;`22 Q7 i?2 B@i? MQ/2 pBX Ai Bb bi`�B;?i7Q`r�`/ iQ
Q#b2`p2 i?�i,

∆7 = /B�;(/B)7 − �7 = (. − �)7 = G7 URjV

h?mb r2 Q#i�BM i?2 G�TH�+B�M QT2`�iQ` QM � ;`�T? BM i?2 7Q`K Q7 G�TH�+B�M
K�i`BtX
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L2m`�H L2irQ`F QM :`�T?b ss
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

PM2 +�M �HbQ Q#i�BM � KQ/B}2/ p2`bBQM #v �bbB;MBM; r2B;?i rBD iQ �HH MQ/2b pD
rBi? D ∈ L1B- rBi? `2[mB`2K2Mi Q7 ∑

D
rBD = /BX

∆7B =
∑

D∈L1B

rBD(7B − 7D)

=
L∑

D=1
rBD7B −

L∑
D=1

rBD7D
= /B7B − rh

B: 7

UR9V

Ai Bb bi`�B;?i7Q`r�`/ iQ Q#b2`p2 i?�i,

∆7 = /B�;(/B)7 − q7 = (. − q)7 := /G7 UR8V

SH2�b2 MQi2 i?�i
/G = . − q
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L2m`�H L2irQ`F QM :`�T?b ssA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

Bb �b r2HH � KQ/B}2/ /2}MBiBQM Q7 G�TH�+B�M K�i`Bt Ĝ *QK#BM�iQ`B�H :`�T?
G�TH�+B�M J�i`Btky- r?B+? �b � +QM+HmbBQM b�iBb}2b

定理

∆7 = (. − q)7 = /G7,
/G7B =

∑
D∈L1B

rBD(7B − 7D), UReV

�M/
7h/G7 = 1

2

M∑

B,D=1

rBD(7B − 7D)2, URdV

7Q` � bB;M�H 7 ∈ RM BM ;`�T?X

>2`2 2[m�iBQM URdV Bb � /B`2+i `2bmHi 7`QK 2[m�iBQM UkVX
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L2m`�H L2irQ`F QM :`�T?b ssAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

6Qm`B2` i`�Mb7Q`K F ,

6Q` � 7mM+iBQM 7 : R −→ C- i?2 6Qm`B2` i`�Mb7Q`K F +QMp2`i 7(i) BM � bT�iB�H
/QK�BM iQ 6(ξ) BM � bT2+i`�H /QK�BM,

6(ξ) = F [7(i)] =
∫ +∞

−∞
7(i)2−2πBξi/i =< 7(i), 2−2πBξi > . UR3V

J2�Mr?BH2- i?2 BMp2`b2 6Qm`B2` i`�Mb7Q`K Bb,

7(i) = F−1[6(ξ)] =
∫ +∞

−∞
6(ξ)22πBiξ/ξ =< 6(ξ), 22πBiξ > . URNV
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L2m`�H L2irQ`F QM :`�T?b ssAAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

aBM+2 2−2πBξi Bb i?2 2B;2M@7mM+iBQM Q7 i?2 R@/BK2MbBQM�H G�TH�+B�M QT2`�iQ` ∆- 2X;X-

∆2−2πBξi =
∂

∂i2 2−2πBξi = (2πξ)22−2πBξi,

�M�HQ;QmbHv- QM2 /2}M2b i?2 6Qm`B2` i`�Mb7Q`K F QM ;`�T? �b,

6(λH) = F [7] =< 7, mH >= 7hmH =
L∑

B=1

7BmH;B, UkyV

r?2`2 7 = (71, 72, · · · , 7L) Bb i?2 72�im`2 Q7 �HH MQ/2b- mH Bb i?2 2B;2M@p2+iQ` Q7
G�TH�+B�M QT2`�iQ` ∆ QM ;`�T?- BX2X-

∆mH = /GmH = λmH

X
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L2m`�H L2irQ`F QM :`�T?b ssAo
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

6(λ·)︸ ︷︷ ︸
�M�HQ;v!

:=

⎛

⎜⎜⎜⎝

6 (λ1)
6 (λ2)

XXX
6 (λL)

⎞

⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎝

m1;1 m1;2 . . . m1;L
m2;1 m2;2 . . . m2;L

XXX
XXX X X X XXX

mL;1 mL;2 . . . mL;L

⎞

⎟⎟⎟⎠

⎛

⎜⎜⎜⎝

71
72
XXX

7L

⎞

⎟⎟⎟⎠
:= lh 7(·)︸︷︷︸

�M�HQ;v!

aBKBH�`Hv- i?2 BMp2`b2 6Qm`B2` i`�Mb7Q`K Bb,

7B = F−1[6(λ·)] =< 6(λ·), mH >= 6(λ·)hmH =
L∑

H=1
6(λH)mH;B,

BX2X-
7(·) = l6(λ·)

UkRV
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L2m`�H L2irQ`F QM :`�T?b sso
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

*QMpQHmiBQM ⋆ Q7 irQ 7mM+iBQMb,

7(i) ⋆ ?(i) =
∫ +∞

−∞
7(τ)?(i − τ)/τ =

∫ +∞

−∞
7(i − τ)?(τ)/τ UkkV

定理 U6Qm`B2` i`�Mb7Q`K QM +QKTmiBM; +QMpQHmiBQM Q7 irQ 7mM+iBQMbXV
F [7(i) ⋆ ?(i)] = >(ξ)6(ξ)

7(i) ⋆ ?(i) = F−1[F (7(i))F (;(i))] UkjV
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L2m`�H L2irQ`F QM :`�T?b ssoA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

图 Re, oBbm�HBx�iBQM Q7 +QMpQHmiBQM +QKTmi�iBQM

�b b?QrM BM i?2 };m`2- ;(i) Bb �+im�HHv � BKTmHb2 bB;M�H- KQpBM; 7`QK −∞ iQ +∞
iQ /2i2+i 7(i)X
SH2�b2 MQiB+2 i?�i < 7, ; > Bb F22TBM; /2i2+i2/ r?2M ; Bb KQpBM;X
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L2m`�H L2irQ`F QM :`�T?b ssoAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

JQiBp�i2/ #v i?2 �#Qp2 /2}MBiBQM- i?2 +QMpQHmiBQM Q7 irQ 72�im`2 p2+iQ` 7 �M/ ; BM
� ;`�T? G Bb /2}M2/ �b,

7(·) ⋆ ?(·) = F−1[F (?(·))⊙ F (7(·))] = l(lh? ⊙ lh7)
= l((>(λ1),>(λ2), ·,>(λM))h ⊙ lh7)

= l

⎛

⎜⎝
>(λ1)

XXX
>(λM)

⎞

⎟⎠lh7,
Uk9V

r?2`2 >(λH) =
L∑

B=1
?BmH;B
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L2m`�H L2irQ`F QM :`�T?b ssoAAA
aT2+i`�H bB;M�H QM ;`�T?- 7`QK G�TH�+B�M QT2`�iQ` iQ 6Qm`B2` i`�Mb7Q`K

6BM�HHv- QM2 7QmM/ i?�i, hQ }M/ � T`QT2` +QMpQHmiBQM�H F2`M2H ?(·) BM � ;`�T? Bb

�+im�HHv iQ H2�`M i?2 K�i`Bt

⎛

⎜⎝
>(λ1)

XXX
>(λM)

⎞

⎟⎠ #v M2m`�H M2irQ`FbX

R9?iiT,ffrrrXBT�KXm+H�X2/mf�#bi`�+if\iB/4R98ye�T+Q/24.GhkyR3
R8?iiTb,ff2MXrBFBT2/B�XQ`;frBFBfG�TH�+B�MnK�i`Bt
ReAM i?2 K�i?2K�iB+�H }2H/ Q7 ;`�T? i?2Q`v- i?2 /2;`22 K�i`Bt Bb � /B�;QM�H K�i`Bt r?B+?

+QMi�BMb BM7Q`K�iBQM �#Qmi i?2 /2;`22 Q7 2�+? p2`i2tX
RdAM ;`�T? i?2Q`v �M/ +QKTmi2` b+B2M+2- �M �/D�+2M+v K�i`Bt Bb � b[m�`2 K�i`Bt mb2/ iQ

`2T`2b2Mi � }MBi2 ;`�T?X h?2 2H2K2Mib Q7 i?2 K�i`Bt BM/B+�i2 r?2i?2` T�B`b Q7 p2`iB+2b �`2
�/D�+2Mi Q` MQi BM i?2 ;`�T?X

R3?iiTb,ffrrrXi?2`B;?i;�i2X+QKf/Bp2`;2M+2@p2+iQ`@}2H/@7Q`KmH�bf
RN?iiTb,ffK�i?BMbB;?iXQ`;f/Bp2`;2M+2nB/2�
kya?mK�M- .X AX- L�`�M;- aX EX- 6`Qbb�`/- SX- P`i2;�- �X- �M/ o�M/2`;?2vMbi- SX X h?2

2K2`;BM; }2H/ Q7 bB;M�H T`Q+2bbBM; QM ;`�T?b, 2ti2M/BM; ?B;?@/BK2MbBQM�H /�i� �M�HvbBb iQ
M2irQ`Fb �M/ Qi?2` B``2;mH�` /QK�BMbX A111 aB;M�H S`Q+2bbBM; J�;�xBM2- jyUjV- 3j@N3X
?iiTb,ff�`tBpXQ`;fT/7fRkRRXyy8jXT/7
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L2m`�H L2irQ`F QM :`�T?b A
:*L �M/ +Hmbi2`@:*L

AM � b2KB@bmT2`pBb2/ MQ/2 +H�bbB}+�iBQM +�b2- i?2 :2M2`�H ;`�T? G�TH�+B�M
`2;mH�`Bx�iBQM i2`K BM i?2 HQbb 7mM+iBQM Bb ,

L = L0 + λL`2;,
rBi? L`2; =

∑
B,D

�BD||7(sB)− 7(sD)||2 = 7(s)hG7(s) Uk8V

>2`2- L0 /2MQi2b i?2 bmT2`pBb2/ HQbb rX`XiX i?2 H�#2H2/ T�`i Q7 i?2 ;`�T?-
7(·) +�M #2 � M2m`�H M2irQ`F HBF2 /Bz2`2MiB�#H2 7mM+iBQM-
λ Bb � r2B;?BM; 7�+iQ`-
�M/ s Bb � K�i`Bt Q7 MQ/2 72�im`2 p2+iQ`b sB-
G = .Ɛ� /2MQi2b i?2 mMMQ`K�HBx2/ ;`�T? G�TH�+B�M Q7 �M mM/B`2+i2/ ;`�T?
G = (V, E) rBi? L MQ/2b pB ∈ V - 2/;2b (pB, pD) ∈ E - �M �/D�+2M+v K�i`Bt
� ∈ RM×M U#BM�`v Q` r2B;?i2/V �M/ � /2;`22 K�i`Bt- .BB =

∑
D �BDX

h?2 L`2; Bb `272``2/ iQ h?2Q`2K kX
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L2m`�H L2irQ`F QM :`�T?b AA
:*L �M/ +Hmbi2`@:*L

:`�T? *QMpQHmiBQM�H L2irQ`F U:*LV kR T`2b2Mib � b+�H�#H2 �TT`Q�+? 7Q`
b2KB@bmT2`pBb2/ H2�`MBM; QM ;`�T?@bi`m+im`2/ /�i� i?�i Bb #�b2/ QM �M 2{+B2Mi
p�`B�Mi Q7 +QMpQHmiBQM�H M2m`�H M2irQ`Fb r?B+? QT2`�i2 /B`2+iHv QM ;`�T?bX

:*L KQiBp�i2b i?2 +?QB+2 Q7 i?2B` +QMpQHmiBQM�H �`+?Bi2+im`2 pB� � HQ+�HBx2/
}`bi@Q`/2` �TT`QtBK�iBQM Q7 bT2+i`�H ;`�T? +QMpQHmiBQMbX

h?2 KQ/2H b+�H2b HBM2�`Hv BM i?2 MmK#2` Q7 ;`�T? 2/;2b �M/ H2�`Mb ?B//2M H�v2`
`2T`2b2Mi�iBQMb i?�i 2M+Q/2 #Qi? HQ+�H ;`�T? bi`m+im`2 �M/ 72�im`2b Q7 MQ/2bX
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L2m`�H L2irQ`F QM :`�T?b AAA
:*L �M/ +Hmbi2`@:*L

定理 Uh?2 H�v2`@rBb2 T`QT�;�iBQM `mH2 Q7 :*LV
>(H+1) = σ(.̃ 1

2 �̃.̃− 1
2︸ ︷︷ ︸>(H)q(H)), UkeV

R >2`2- �̃ = � + AL Bb i?2 �/D�+2M+v K�i`Bt Q7 i?2 mM/B`2+i2/ ;`�T? G rBi?
�//2/ b2H7@+QMM2+iBQMbX

k AL Bb i?2 B/2MiBiv K�i`BtX
j .̃BB =

∑
D �̃BD Bb i?2 /2;`22 K�i`BtX

9 q(H) Bb � H�v2`@bT2+B}+ i`�BM�#H2 r2B;?i K�i`BtX
8 σ(·) /2MQi2b �M �+iBp�iBQM 7mM+iBQM- bm+? �b i?2 _2Gl(·) = K�t(0, ·)X
e >(H) ∈ RL×. Bb i?2 K�i`Bt Q7 �+iBp�iBQMb BM i?2 H@i? H�v2`X
d >(Q) = s.
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谢谢！

CBM;#Q sB� U>w�lV "BQK2/B+�H h2ti JBMBM; �M/ EMQrH2/;2 .Bb+Qp2`v kyky@yk@Rd dj f dj


